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On travelling wave solutions of a generalized Davey—Stewartson system
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The generalized Davey-Stewartson (GDS) equations, as derived by Babaoglu & Erbay 1¢2004,

J. Non-Linear Mech., 39, 941-949), is a system of three coupled equations iA-(2) dimensions
modelling wave propagation in an infinite elastic medium. The physical paramgtens;, mp, A

and n) of the system allow one to classify the equations as elliptic—elliptic—elliptic (EEE), elliptic—
elliptic—hyperbolic (EEH), elliptic—hyperbolic—hyperbolic (EHH), hyperbolic—elliptic—elliptic (HEE),
hyperbolic—hyperbolic—hyperbolic (HHH) ard/perbolic—elliptic-hyperbolic (HEH) (Babaogki al.,

2004, preprint). In this note, we only consider the EEE and HEE cases and seek travelling wave solutions
to GDS systems. By deriving Pohozaev-type identities we establish some necessary conditions on the
parameters for the existence of travelling waves, when solutions satisfy some integrability conditions.
Using the explicit solutions given in Babaoglu & Erbay (2004) we also show that the parameter constraints
must be weaker in the absence of such integrability conditions.

Keywords: Davey—Stewartson equations; nonlinear Sifinger equation; Pohozaev identity; radial
solutions; travelling wave.

1. Introduction

In a recent study (Babaoglu & Erbay, 2004), a generalized Davey—Stewartson system involving three
coupled nonlinear equations has been derived to studyl(Rdimensional waves propagating in a bulk
medium made of an elastic material with couple stresses (Truesdell & Noll, 1992). They are given by

. k2
iAT 4+ pAxx 4+ Ayy = q|APA+ oo (r3b1x + V162 Y) A,

(€5 — Dp1.xx — CGdryy — (¢ — D2 xy = y3k*(|AD)x.

(Cé — )2 xx — Cada vy — (C2 — )1 xy = Y1K2(|AP)y, (1.1)
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wherecg = c3(k + 8m?k3)/w andw = cok(1 + 4m2k?)%, and

A+ 20 ft B
2 2 2 2
C| = P =—, Nnn=¢ _2C+_7
7 o 27 po LT o
2B 1
ys =C3 + Az-;o . p= —Z(CS — 5 — 24mPcak?), (1.2)
2 6.,2
) 2,2 K%y3
F=—2(1+48mk?), q=—23
2a)( + ). 4 wD1(2K, 2w)

HereX, Y andT are slow spatial and time variables, respectivélis the complex amplitude of a short
transverse wave mode propagating parallel toztd@ection,¢1 and¢, are long longitudinal wave and

long transverse wave modes propagating parallel toctaad y directions, respectively. Moreovek,

is the wave number and is the frequencym, A, i, A and B are material constantsg is the group

velocity of transverse waves wheregsandc; are phase speeds of longitudinal and transverse waves,
respectively. In terms of dimensionless variables, the generalized Davey—Stewartson (GDS) system takes
the form

iU + Ugz + yUpy = x[Ul?U + blgre + @2.)U,
Q166 + Mo@1 y + N2 ey = (U, (1.3)
)\§02,§§ + M1p2 ny + Np1en = (|U|2)117

wherer is a non-dimensional time variable wheré&aandn are non-dimensional spatial variabless

the complex amplitude of the short transverse wave modepamahdp, are the real long longitudinal

and long transverse wave modes, respectively. Here the non-dimensional coefficients that play the key
role in the classification of the system are given by (for details, see Babaoglu & Erbay, 2004)

2 2
ct V3 S (3
i —cZ2 \n cz—c2\n
2 2 2 2
C5 — C, CT —C 3
L_27% [ _Ga 2<V_>_

T 22’ T2 _ 2
C1 Cg C1 Cg Y1

While the usual Davey—Stewartson (DS) equations (Davey & Stewartson, 1974; Djordjevic & Redekopp,
1977; Ablowitz & Segur, 1979; Ghidaglia & Saut, 1990) model the interaction between a short wave
mode with a long wave (mean flow) in water waves and result in a coupled system of two equations,
the system of equations (1.3), that may be called the GDS equations, model the interaction between a
short transverse wave, a long transverse wave and a long longitudinal wave propagating in an infinite
elastic medium. Due to the asymmetric nature of the interaction between the long longitudinal and long
transverse waveg; andg, satisfy a linear system of strongly coupled equations, i.e. they cannot be
uncoupled using a linear change of variables and/or unknowns. The analysis of GDS equations becomes
more challenging due to this asymmetry.

In Babaoglu & Erbay (2004), based on (1.4), the following constraints on the parameters were
imposed:

(1.4)

A=—DMe—mp)=n% A>1andmy>m > 1. (1.5)

The GDS system can be classified according to the values of these parameters. In addition, in the
classification of (1.3)ther derivative (time evolution) is not taken into account; as in the DS system, the
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first equation of the GDS system is an elliptic or a hyperbolic 8dimger equation when the signpfis
positive or negative, respectively. Considering the last two coupled equations of system (1.3) involving
the variables; andgy, one can rewrite the corresponding homogeneous problem as a first-order linear
system

AV + BV, = 0, (1.6)
where
0 -1 0 0 1 0 0 0
0 0 0 -1 00 1 0
A=11 0 o ol B=lomy n o] (1.7
0 0 A 0 n 0 0 m

inwhichv = (p1.¢, 1., 2.6, 92.7) T . Using (A — 1)(my — my) = n?, the eigenvalues ok 1B are then
expressed as

my 1

= —(—2)%, rp= (-2}
l_ )\‘ ) 2_ )\‘ £

1 1
rg=—(—my)2, rg=(—my2.

Therefore, system (1.3) can be classified as EEE, EHH, and EEH according to the respective sign of
(mg, mp, A): (+, +, +), (—, —, +), and(+, +, —) if y is positive, and HEE, HHH, and HEH according

to the respective sign @y, mo, A): (+, +, +), (—, —, +), and(+, +, —) if ¥ is negative (see Babaoglu

et al., 2005). Here we restrict our attention to two different cases, namely the EEE case and the HEE
case.

This paper is organized as follows. In the next section we establish two non-existence results for
travelling wave solutions, that satisfy some integrability conditions, for GDS equations. In the EEE
case without any further parameter restrictions there exist no non-trivial travelling wave solutions for
GDS in this class. The key role in the argument is played by a Pohozaev-type identity (2.4). This is no
accident since Pohozaev-type identities are commonly used in establishing similar results for nonlinear
Schibdinger and DS equations (Pohozaev, 1965; Ghidaglia & Saut, 1996; Cazanave, 1996; Sulem &
Sulem, 1999). On the other hand, in the HEE case the existence of travelling waves imposes some

b .
constraints on the parameters, namely enhere— x <—bor—b< x < —m— < 0- This result

is achieved by deriving and utilizing a second Pohozaev -type identity, namely (2 5), and expressing itin
the transformed domain as (2.17). This section ends with a brief discussion of a necessary condition for
the existence of radial travelling wave solutions. In the final section, we relax the conditions assumed on
the class of solutions and show that in the absence of such integrability conditions, weaker constraints
must be imposed on the parameters. In fact, following Babaoglu & Erbay (2004) explicit travelling wave
solutions can be written even in the EEE case.

2. Pohozaev-typeidentities and non-existence of travelling wave solutions
In this section we consider localized wave solutions of (1.3) in the form
ué, n, ) =U(X,y) expi(wr + kx +1y)],

18, n, 7) = P1(X, Y), (2.1)
208, m,7) = P2X, Y),
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wherek, |, w e R,x =& —ct,y =75 —dr,c,d e R,andU € HY(R?) andVy; € L2(R?) (i =1, 2).
Inserting solution (2.1) into GDS system (1.3) we obtain

(ke +1d — k% — y12 — ©)U + Ugx + yUyy = xU3 + b(P1x + $2.y)U,
(2k —o)Uyx + 2yl —d)Uy =0,

D1.xx + M2 P yy +NPoxy = (U 2)x,

AP xx + M1 Do yy + NPy xy = (U 2)y-

(2.2)

By the second equation of (2.P)) is constant along the characteristics
(2k — o)y — (2yl — d)x = const.
For anH? functionU, this could be accomplished if and only if

c=2k d=2yl.

2 d?
If = 7 + " then system (2.2) reduces to
Y

Uxx + VUyy = XU3 +b(P1x + ¢2,y)U,
D1+ Ma By yy + Ny xy = (U, (2.3)
AD2xx + M1 P2 yy + NPy xy = (U 2)y-

Now, we establish Pohozaev-type identities to prove the non-existence of travelling wave solutions.

THEOREM 2.1 (Pohozaev-type identities) Let ¢1, 92 be a travelling wave solution for (1.3) in the
form (2.1) withu € H1(R?) andVg; € L2(R?) (i = 1,2). ThenU, &1 and #, must satisfy

fR U0+ y Uy dxdy = 0 (2.4)
[ 00U 4 DL 10? a4 (0

+my(P2.y)? 4 2n Py« P y]} dx dy = O. (2.5)

Proof. The identities (2.4) and (2.5) are obtained by direct computations. Multiplying; (By8xUyx
and integrating oveR?, after a number of integrations by parts, we obtain

/]RZ [(ux)2 — (U2 - %u“ + bX Py (UD)y + bdp(U2)y + bx By 5 (U Z)y] dxdy=0. (2.6)

If the second and third equations of system (2.3) are used in (2.6), we obtain the following identity after
several integrations by parts:

X b
fRZ {(ux)2 =y (Uy)? = SU% 4 o[ = (2107 + Ma(@1,y)®

—3M(P2.5)% — My (Py)? — 2n qsl,xqsg,y]} dx dy = 0. (2.7)
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Similarly, if we multiply (2.3) by yUy and integrate the resulting equation ol we obtain

fR W02 =y U2+ ZUt —barUP — by dyy (D~ by 22y (UP)y | dxdy =0, (28)

In a similar fashion, if the second and third equations of system (2.3) are used in (2.8), we obtain

b
/ {(ux>2 —y(Uy)? + ZU% 4 Z[(81002 + 3ma( Py y)2
R2 2 2

—K(@z,x)z + ml(ézyy)z +2nd1 @Zy]} dx dy = 0. (2.9)
Finally, if we multiply (2.3) by U, and use the second and third equations of system (2.3), we obtain

fR i {(ux>2 +7(Uy)? + xU*+ b[(21,07 + Ma(D1y)? + A(P2x)?

+ my(P2y)% + 2n Py« qﬁz,y]} dx dy = 0. (2.10)
Subtracting the sum of (2.7) and (2.10) from (2.9) yields
/R LU0% +y(Uy)?1dx dy = 0. (2.11)
Substituting (2.11) into (2.10) we obtain (2.5):

fR AxUHHb[(21,0% + ma(P1,y)? + A(P20)?

+my(P2,y)? + 2nd1x P2 ]} dx dy = 0. (2.12)

COROLLARY 2.2 (Non-existence of travelling wave solutions)

(a) Travelling wave solutions of the form (2.1) cannot exist in the EEE case.

. . I LD
(b) Travelling wave solutions of the form (2.1) can only exist in the HEE casglfé)m— <x<-b
1

b . b
or—b < x < e < 0. In other words, ifb < Oandy +b > 0orb < Oandy + o <0

1 1
then no travelling wave solutions can exist. Similarlypif~ 0 andx +b < 0 orb > 0 and

b . . .
X+ o > 0then no travelling wave solutions can exist.
1

(c) Inthe HEE case, if radial travelling wave solutions exist then
x+bI'=0, (2.13)
where

VML(L 4+ mg — 2n) + mp + Amy + /mai(1 + /mp)?
VML + M) (Mg + VA (Mg + V/Mih)
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Proof. (a) Lety be positive and the respective sign(afy, my, A) be (+, +, +). This corresponds to
the EEE case. In such a case, condition (2.11) is satisfied b danction if and only iftU = 0. Thus
(2.3) reduce to

D1xx +MaP1yy + NP xy =0,

AD2xx + M1 P2 yy + NPy xy = 0. (2.14)

Note thatU = 0 means absence of the short wave mode. We will now show that this implies the absence
of localized disturbances. Now we look for a general solution of system (2.14) involving the variables

@1 and ¢, whenU = 0. Taking the Fourier transform of (2.14) leads to a homogeneous linear system

for the unknown function®; and &»:

2+ mags 2Py + ﬂ$152¢2 =

A (2.15)
nEér Py + (&2 + mE2) by =

where (&1, &) is the dual variable ofx, y), and #, and &, are the Fourier transforms @ and &,
respectively. The determinant of the coefficient matrix, given as

A =2E] + (M 4 amp — n?)E2€2 4 mumpts
= (AEZ + Mpg2) (62 + miED), (2.16)

is positive sincem; + Amp — n? = amy; + my, which follows from (1.5). Therefore, system (2.15)
has only the trivial solution. This shows that no travelling wave solutions of the form (2.1) to the GDS
system (1.3) exist in the EEE case.

(b) Let y be negative and the respective sign(mi, mp, A) be (4, +, +). This corresponds to the
HEE case. Utilizing Plancherel’s theorem, (2.12) is readily expressed as

/ (x +ab)| f2de; d = O (2.17)

where f denotes the Fourier transform tf |2, and

AEF 4+ (L +my — 2m)E2E2 + mpes

o=, 8) = : (2.18)
AEF + (M + MR)EZES + mimpEs
Here (1.3) and (1.3} are used to express the Fourier transform&pénd ¢, as
i N
= é(nes2 262 - mugd f, -

= —(nél £2 —mped) f,

whereA is the same quantity given in (2.16). In Babaogial. (2005), it is shown that fom; > 1 one

hasi < a < 1. Together with (2.17) this shows thatandb are of opposite signs. b < 0 then
0 and consequentlx +b < 0andy + — > 0. On the other hand, b > 0theny < 0and

consequentlyx + — < O0andy +b > 0. Therefore if the system (1.3) has travelling wave solutions

b
of the form (2. 1)theneg——<x< —bor—b < x < —— < 0holds.
my my
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(c) In the HEE case, note that (2.17) can also be rewritten as follows:
/ (x +b— B(1, &) b)| f1>dg1 d2 =0, (2.20)
where
1
P&, &) = Z[Gimy + My — 1—my + 20)E2ES + mo(my — 1)E7)
If U is a radial solution, i.dJ = U (r), then (2.20) simplifies to
2
f [x +b—B@®b]dd =0, (2.21)
0

where

(Am1 + My — 1 — my + 2n) cof 0 sinf 6 + ma(myg — 1) sin* o

B®) =
©) A coSt 0 + (Amy + my) co2 0 sif 6 + mumy sin* o

Using Mathematica, the integral (2.21) is evaluated and the following condition is obtained for the
existence of the radial solutions to system (1.3):

x +bl'=0, (2.22)
where

;o /M4 m = 20) +mp + Am + Mok (1+ J/mp)?
(L4 /D) (/5 + V) (M2 + /Mh)

This necessary condition for the existence of radial solutions to system (1.3) is rather complicated when
compared to that of the DS system given in Ghidaglia & Saut (1996). |

REMARK 2.3 Pertaining to (c), let us note that since there exist no travelling wave solutions in the EEE
case, the same applies to radial solutions.

REMARK 2.4 The conditionsVy; € L2(R?) (i = 1, 2) are the natural ones for the EEE case and HEE
case. When the second and third equations are both of hyperbolic type then, following Ablowitz & Segur
(1979), boundary conditions should be imposed along characteristic lines at infinity (see also Ghidaglia
& Saut, 1990). These boundary conditions do not allow us to perform integration by parts as in Ozawa
(1992), Fokast al. (2001) etc. hence we cannot derive Pohozaev-type identities.

3. Aremark on a class of travelling wave solutions

In order to emphasize the dependence of the results in the previous section on the assumption that
u e HY(R?) andVg; € L2(R?) (i = 1, 2), wewill now establish that in the absence of such conditions
much weaker constraints are to be imposed on the parameters. To wit, in Babaoglu & Erbay (2004)
travelling wave solutions to GDS system (1.3) were sought in the following form:

u=f(©)€ @1=90), ¢ =h), 3.1)
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whered = 1€ + lon — 27, and the amplitudes of the short wa¥e and the long travelling wavesg
andh are real functions of = ki& + kon — 2(I1k1 + yl2ko)z. Here we assume thdt f/, g’ andh’
tend to zero af; | — oo. Substituting solution (3.1) into system (1.3) leads to a set of coupled ordinary
differential equations
K2+ k)t — (124915 — D) f = xF3+ bkeg + koh') f,
(k2 + mk3)g” + nkykoh” = 2k ff7, (3.2)
nkikag” + (Ak§ + mikdh” = 2k f 1/,

where a prime denotes differentiation with respect tdntegrating equations (3.2and (3.2} with
respect ta- once and solving the resulting algebraic equationgfandh’ in terms of f 2 gives

g =01f% N =arf? (3.3)
where
S k2 — nk2 k2 2 k2 — nk?
a1=Z(k1+m12—n2), WZZZ(;L"‘mZz—nl),

A = (W2 + mak2) (K2 4+ mpk2),
In such a case, the first equation of (3.2) takes the form
f" =2a1f3+ayf, (3.4)

where the coefficienta; anday are

1
g = —5—-[x + b(keor + koa2)],
2(k2 + yk3)

ap = 517 +v15 - 2).

k% +vk;
By integrating (3.4) with respect tp twice, in the case of; < 0 anday > 0, the following solitary
wave solutions in terms of a hyperbolic secant function and hyperbolic tangent functions for the envelope

function f (¢) and the long waveg(¢) andh(¢) are obtained as

f(¢)= i,/_a—;l sechivay ¢ +9),

9(¢) = —Z—iﬁz tanh(v/a, ¢ + 5), (3.5)
h(¢) = —Z—j«/az tanh(v/a, ¢ +6).

Note that for such solutions ¢ H! andVy; ¢ L2 since on the lineg = constant,f, g/, h’ are
non-zero constants. So we can obtain travelling wave solutions for (Bg8)<f0 anda; > 0. But (2, I;
andl, are arbitrary hence one can always guarantee the second constraint. Note that

a [x + a(ky, ko)b], (3.6)

2K+ yk3)
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1
whereqx is given in (2.18), and (k, ko) — 1for fixedks if ky — oo anda(ky, ko) — — for fixed ky if

1
ko — oo. Inthe following the EEE and HEE cases are considered and the constraints on the parameters
are obtained for the existence of travelling wave solutions of the form (3.1).

(a) Letthe parameter be positive. This corresponds to the EEE case thare yk% > 0. In such
acase

b
(i) if b<Otheny +b < x +ab < + —. In addition, lety + b < 0. Thus, for fixedk,

we can choos&; large enough so tha@ + a(ky, k)b — x + b, guaranteeingy < 0, i.e.
travelling wave solutions to the GDS system can exist.

b b
(i) If b> Otheny + — < x+ab < x+Db, andgx + m < 0, for fixedks, we can choosé;
large enough so tha{t + a(ky, k)b — x + — showmg thata; < 0, i.e. travelling wave
my

solutions can exist. This shows the existence of travelling waves even in the EEE case.

(b) On the other hand, in the HEE case whegre: 0, kf + ykg may be of either sign depending on
the values ok; andks. Thus,

b
(i) ifb<Oandy+b<O0theny+b< xy+ab< x+ o Hence, for fixeck, we can choose
1

k1 large enough so thekf + yk% > 0andy + a(ky, ko)b < 0, guaranteeing; < 0.

(i) If b <Oandy +b > 0theny + a(ky, ko)b > 0. For fixed k;, we can choose; large
enough so thak% + yk% < 0, thusa; becomes negative. Therefore, the GDS equation (1.3)
has travelling wave solutions of the form (3.1) without any constraint on the paraméter
b < 0 inthe HEE case.

(i) Onthe otherhand, ib > Oandy+b < Othenx+£ < x+ab < x+b. Thus,x+ab < 0.
For fixedks, we can choosé; large enough such thaf + ykz > 0, guaranteeing; < 0.
(iv) If b > Oandy + mil > 0, we can choosk; large enough so thgt + «b > 0 and
kZ + yks < 0, guaranteeing; < O.
Therefore, the GDS equation (1.3) has travelling wave solutions of the form (3x1) 4§ —b or

b : . .
X > = for b > 0. However, we do not know whether there exist travelling wave solutions of the
1

b .
GDS system wher-b < x < e for b > 0 in theHEE case.
1
We summarize the above results in the following proposition.
PrRopPasITION 3.1 If either of the conditions
(@) EEE case:y > 0, andb < Oandy +b <O, or
b
y >0, andb > 0andy + — <0,
my
(b) HEE case:y <0, andb < Oandy +b # 0, or

b
y <0, andb>0and — — < x or x < —b,
my

is met then there exist travelling wave solutions of the form (3.1).



24 A. EDEN AND S. ERBAY

REMARK 3.2 Solutions of purely hyperbolic tangent type are also established in Babaoglu & Erbay
(2004) for the GDS system; these solutions, however, do not radically weaken the conditions imposed
on the parameters.

REMARK 3.3 As discussed in Arkadiegt al. (1989), Ozawa (1992) and Fokatsal. (2001) various
special types of solutions do exist for DS equations. In this paper, we have not tried to establish solutions
of similar type for GDS equations; this will be pursued in a future work.
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