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ABSTRACT

PROOF OF THE WEINSTEIN CONJECTURE FOR
OVERTWISTED CLOSED CONTACT 3-MANIFOLDS

In this thesis, we study the proof of the Weinstein conjecture for 3-dimensional
closed manifolds equipped with an overtwisted contact structure. The method of filling by
pseudoholomorphic disks and the bubbling-off analysis are the main tools that are used in

this proof.



OZET

3 BOYUTLU KAPALI COKBUKUMLU KONTAKT
COKKATLILARDA WEINSTEIN SANISININ ISPATI

Bu tezde, cokbiikiimlii kontakt yapiya sahip ii¢ boyutlu kapali cokkatlilar i¢in Wein-
stein sanisinin ispati incelenmistir. Bu ispatta, temel arag olarak holomorfumsu disklerle

doldurma yontemi ve kabarciklanma analizi kullanilmaktadir.
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1. INTRODUCTION

The existence of a periodic orbit of a vector field that appears in a certain geometric
setup or a vector field coming from a certain class of vector fields has been one of the

important questions in geometry and dynamics.

In 1950, Seifert [1] raised the question whether a given non-singular vector field on
3-sphere admits a periodic orbit. In 1974, Schweizer 2] and in 1994, Kuperberg [3] gave
C! and C* counterexamples respectively. These results showed that Seifert’s question had

to be modified considering the underlying dynamical system.

Indeed, Seifert’s question got affirmative answers for some special dynamical systems.
In the late 70’s, Rabinowitz [4] and Weinstein [5] showed that a smooth compact regular
energy surface for a Hamiltonian system in R?" carries a periodic orbit of the Hamiltonian
vector field if the energy surface bounds a star-shaped or convex domain respectively. After
his analysis on Rabinowitz’s work [4] and his own results [5], Weinstein posed his famous

conjecture in [6], which has been called the general Weinstein conjecture.

Conjecture 1.0.1. Assume that H is an autonomous Hamiltonian on a symplectic mani-
fold (W,w). Let ¥ = H Y(E) be a closed reqular level surface for H. Suppose there exists
a 1-form X on ¥ such that d\ = wly, and A\(2)(Xg(2)) # 0 for all z € ¥ where Xy is the

Hamiltonian vector field. Then there exists a periodic orbit of Xy on X.

The following breakthrough result of Viterbo gives a partial answer to the Weinstein

conjecture [7].

Theorem 1.0.2. Let M = H ' (E) be a compact smooth energy surface for some reqular

value E of the Hamiltonian H on the symplectic manifold (R*",w). If there exists a 1-



form X on M such that d\ = w|p and AN(x)(Xg(z)) # 0 for all x € M where Xy is the

Hamiltonian vector field. Then there exists a periodic orbit of Xy on M.

This is the place where the contact geometry and the Reeb dynamics come into
picture. We say a l-form A is a contact form on a (2n + 1)-dimensional manifold M
if A A (d\)" is a volume form on M. With this data the Weinstein conjecture can be

reformulated as the following:

Conjecture 1.0.3. Let (M, \) be a closed contact manifold and X be a non-singular vector

field on M such that dA(X,-) =0 and \(X) > 0. Then X has a periodic orbit.

We will see in the Chapter 2 that ker\ constitutes a 2n-dimensional vector bundle
on M and there is a unique vector field X, on M such that dA(X, ) = 0 and A\(X) = 1.
We call ¢ = ker the contact structure associated to A and X, the associated Reeb vector
field. We observe that for a vector field X as in Conjecture 1.0.3, there exists a smooth
positive map f on M such that X = fX,. Moreover X, admits a periodic orbit if and
only if X = fX, admits a periodic orbit. With this observation the Conjecture 1.0.3 boils

down to the claim that the Reeb vector field admits a periodic orbit.

Recently, Taubes proposed a proof of the Weinstein conjecture for 3-dimensional
closed contact manifolds, which is based on the Seiberg—Witten equations. But in this
study we will not deal with this proof. Instead, we will concentrate on the following partial

proof of Hofer [9].

Theorem 1.0.4. Assume that X is the Reeb vector field on a closed 3-dimensional contact
manifold (M, ). Then X admits a periodic orbit if either M is diffeomorphic to S* or if

mo(M) # 0 or if the associated contact structure is overtwisted.

The notion of an overtwisted contact structure is important in three-dimensional

contact geometry. We say a contact form A or a contact structure £ := ker\ is overtwisted



if there exists an embedded disk D C M, which is called an overtwisted disk, such that

T(@’D) C f’ap,
T,D ¢ &, for all x € OD.

The main ingredient of the proof of Theorem 1.0.4 is the notion of a pseudoholomorphic
curve. Pseudoholomorphic curves, which will be defined precisely in Chapter 3, are gener-
alizations of holomorphic maps. They became basic tools of the symplectic geometry after

the work of Gromov [10].

Now we will see the role of pseudoholomorphic curves in the proof of Theorem 1.0.4.
The notions that will appear in what follows will be defined precisely in Chapter 2 and
Chapter 3.

Let M be a closed 3-manifold and A be a contact form. We denote by £ and X
the associated contact structure and Reeb vector field, respectively. We pick a complex
structure J : £ — ¢ compatible with d\, i.e. dA(-,J(-)) > 0 on £\ {0}. Then we define
an almost complex structure J on the ”symplectization” R x M in a certain way that will
be explained later. We take a closed Riemannian surface (.S, j) and a finite set I' C S and

consider smooth maps @ : S\I' - R x M

divoj = Jodi. (1.1)

The equation above is called a nonlinear Cauchy—Riemann equation and u is called a

(J, j)-holomorphic or a pseudoholomorphic curve. In addition, we want 0 < E(i1) < oo
where F(u) stands for the energy of 4. Then we call @ a finite energy surface. We know
that E (@) = 0 if and only if @ is constant. The set I' stands for the set of "punctures” on

S. Using the definition of energy and the Stokes’ theorem one can show that if I' = ) then



@ is constant [9].

Now we take zy € I'. The following observation, which is due to Hofer, on the
behavior of @ near zj is the key fact that connects finite energy surfaces and the periodic

orbits of X,. We parametrize S near zy by a holomorphic map o : [0,00) x S — S and

define

fi=1o00:[0,00) x ST — R x M.

Then we have the following fact [9].

Theorem 1.0.5. Let © be as above and put © = (b,v). Then

m(zp) := lim [ wv(s,:)*A
s—00 fq1

exists. If m(zp) = 0 then the map @ can be extended smoothly over zy. If m(zy) # 0 then

any sequence S, — o0 has a subsequence, also denoted by si such that

lim v(sg,t) = x(m(zo)t)

k—oo

exists in C*°(St, M), where x is a |m(zo)|-periodic orbit of X).

Now, in order to prove Theorem 1.0.4 it is enough to show that there exists a non-

constant finite energy plane

u:C—Rx M,
dioi=Joda,

0< E(u) <oo



if either M is diffeomorphic to S? or if mo(M) # 0 or if A is overtwisted. Indeed, (C,1i) is a
Riemann surface with one puncture only, namely S?\ {oo}. By Theorem 1.0.5, either @ can
be extended to {oo} or there exists a periodic orbit. But in the first case @ is necessarily

constant.

In this thesis, strictly following [13] we will prove the following theorem in detail.

Theorem 1.0.6. Assume that X is the Reeb vector field on a closed 3-dimensional contact

manifold (M, ). Then X admits a periodic orbit if X is overtwisted.

In Chapters 2, 3 and 4 we construct the machinery we need. In Chapter 2, we
introduce basic notions of the contact geometry and give some details about surfaces in
contact 3-manifolds, especially the overtwisted disk. In Chapter 3, first the general notion
of a pseudoholomorphic curve is defined. Then we study special pseudoholomorphic disks
in the symplectization R x M of the 3-dimensional closed contact manifold M with an
overtwisted disk D. More precisely, we consider the smooth maps @ := (a,u) : D — Rx M

satisfying

divoi = Jodi, (1.2)

woD)CcDCM (1.3)

where D denotes the closed unit disk in C. By pseudoconvexity of M in R x M, we
make a crucial observation on the transversality of u|gp to the characteristic foliation of D
(see 3.3.2). In Chapter 4, we establish Theorem 4.0.5, which is the regularity result for a
certain set of maps v : D — W satisfying the nonlinear Cauchy-Riemann equation, where
W is a 4-manifold with an almost complex structure. Using this result we prove Theorem
4.0.6, which is a compactness result saying that if a sequence of pseudoholomorphic disks
Uy : D — R x M has a uniform gradient bound then it has a subsequence converging to a

pseudoholomorphic disk in C*°.



In Chapter 5, we show that the existence of a non-constant finite energy plane in
a contact 3-manifold M implies the existence of a periodic orbit of the associated Reeb
vector field (see Theorem 5.2.2). As noted above, what we prove is a special case of
Theorem 1.0.5. In the proof we use the regularity result established in Chapter 4 and a
"bubbling-off” analysis. However, constructing a non-constant finite energy plane requires

much work. In Chapter 7, we see that if there exists a family of pseudoholomorphic disks

tu, = (ar,u): D —=Rx M, 7€(0,1)

with unbounded gradients then we can construct a non-constant finite energy plane (see
Theorem 7.0.4). Therefore what remains for the proof of Theorem 1.0.6 is the existence
of a family of pseudoholomorphic disks with unbounded gradients. To construct such a

family we do the following.

First we pick an overtwisted disk D in M. By definition, there is no x € 0D such
that T, D = &,. We call such a point singular. Notice that there can be singular points
in the interior of D. Using Theorem 2.4.3, we assume there is only one singular point of
D. We call it e. Then in Section 6.2, Theorem 6.2.1, we construct a smooth embedding
@: (0,1)x D — Rx M satisfying the following. Put @, := @(7,-). Then the family u,, which
is called a Bishop family, consists of pseudoholomorphic disks with @,(0D) C {0} x D\ {e}.
In other words, each 1, is a solution of the nonlinear Cauchy—Riemann equation with a
boundary condition. In Section 6.3, we have an existence and uniqueness result for such
solutions (see Theorem 6.3.1). This is a deep result that requires the Fredholm theory of
the nonlinear Cauchy—Riemann operator corresponding to the nonlinear Cauchy—Riemann
equation. Now we assume that each disk family in what follows has a uniform gradient
bound. We choose a sequence 1u,, (7x — 1) out of the Bishop family. By the compactness
result from Chapter 4 we get a limit @; and using Theorem 6.3.1 we extend the Bishop
family around @;. We continue to extend the family in this way until one of @, (9D)’s hits

{0} x 9D. Since this @, still satisfies @,(0D) C {0} x D\ {e}, @.(0D) and {0} x 0D must



intersect tangentially. But this is not possible in the view of Corollary 3.3.2. Therefore at
some stage we must have a family of disks with unbounded gradients. This completes the

proof. One can see the details of this argument in Remark 6.4.1.

To sum up, we can say that the proof of Theorem 1.0.6 follows in the following logical

order: Theorem 2.4.3, Theorem 6.2.1, Remark 6.4.1, Theorem 7.0.4, Theorem 5.2.2.



2. PRELIMINARIES IN CONTACT GEOMETRY

2.1. Basic Definitions

Let M be 2n + 1 dimensional manifold. A 1-form A is called a contact form and

(M, ) is called a contact manifold if the (2n + 1)-form

AA (dA)"

is a volume form on M. A contact manifold (M, ) is necessarily orientable since A A (dA)™

defines a natural orientation.

Given a contact manifold (M, \) we define a vector bundle & — M by

& = ker(\,), p € M.

We see that the linear map A, : T,M — R is nonzero for all p € M and ¢ is a 2n-
dimensional vector bundle since A A (dA)™ is a volume form. We call £ a contact structure.
If 7 is another 1-form on M such that ker(7) = £ then there exists a nowhere vanishing

smooth map f: M — R such that A = fr and

dNewe = fdTeae.

A 2-form w on a 2n-dimensional manifold W is called a symplectic form if it is
closed, i.e., dw = 0 and non-degenerate, that is, for all p € W, w,(u,v) = 0 for all
u € T,W implies v = 0. In this case we say (W, w) is a symplectic manifold and we call w

a symplectic structure. Similarly we say that an even dimensional vector bundle ¢ — M



on an arbitrary dimensional manifold M is a symplectic vector bundle if there is a closed

2-form w on M such that w|,q, is a symplectic form.

The following lemma relates contact structure to symplectic structure. For the proof

see [15].

Lemma 2.1.1. Let (M, \) be a contact manifold and £ be the corresponding contact struc-

ture. Then (&, d)N|¢ae) is a symplectic vector bundle and there exists a unique vector field
X, on M such that
dA(Xy,") =0 and A\(X),) = 1.
The unique vector field X, corresponding to the contact form A is called the Reeb
vector field. Tt is known that a contact structure & on (M, \) defines a natural splitting of

the tangent bundle as follows [12]:

TM=RX,®¢.

The standard example of a contact manifold is R?"*! with the contact form
A =dz 4+ X} _ zrdyy
where (21, .., Zn, Y1, --Yn, 2) are the coordinates of R?*"*1. In this case we have
X, = %, and d\ = X}_ dxy A dyy.

Moreover a fiber &, of the contact structure at p = (x4, ..., Zp, Y1, .., Yn, 2) is spanned by the
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vectors ey, .., en, f1, .-, fn Where {e;}2"1! is the standard basis of R*"! and

fk = €n+k — TkCon+1-

We observe that

d)\(@i, ej) = O, d)\(fl, f]) =0 and d/\((fi, fj) = 61]

Such a basis for §, is called a symplectic basis.

The following theorem says that every contact manifold is locally R?"*! with standard

contact structure. For the proof see [13].

Theorem 2.1.2 (Darboux). Let (M,\) and (N,T) be two 2n + 1-dimensional contact
manifolds. Given p € M and q € N there exist a neighborhood U of p and a neighborhood
V' of q, and a diffeomorphism ¢ : U — V' such that

o) =q and ¢'T =\

2.2. Contact Vector Fields

Let (M, \) be a contact manifold. A vector field Y on M is called a contact vector

field if its low ¢, preserves the contact structure, that is

(¢t>*£ =¢.

The following lemma, whose proof follows as in [13], gives different characterizations of a

contact vector field.
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Lemma 2.2.1. Let Y be a vector field on (M, \) with flow ¢,. Then the followings are

equivalent:

(i) LyX =1\ where r: M — R is a smooth function,
(11) (dr)*\ = fi)\ for all t, where f, : M — (0, 00) is smooth,
CONCHRESS

Given a function H on a contact 3-manifold we can find a contact vector field that has
a decomposition into a component that lies on contact structure and a Reeb component

which is determined by H.

Theorem 2.2.2. Let H : M — R be a smooth function. Then there is a unique vector

field Vi € ker\ such that

VH:HX)\—FVH

s a contact vector field.

Proof. We want to show that there exists a function r : M — R such that Ly, A = rA. By

Cartan’s formula we have

rA() = Lvy M) = dA(Vi,-) +d(A(Va))(-)
= dNHX\+ Vi, )+ dNHX\ + Vi) ()
= d\(Vy,-) +dH(").

Then we get

r=r\Xy) = d\HX, + Vi, X)) + dH(X,) = dH(X,).
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From above we have
AV, ) = dH(X\)A(-) — dH (). (2.1)

Let p € M. Evaluating both sides on the basis vectors of §,, we determine VH(p) If we

have another vector field Wy with the same properties, then
ANV —Wg,-) = 0.

By non-degeneracy of d\ on &, we get Wy = Vy. ]

We call H a contact Hamiltonian and we say Vy is the contact Hamiltonian vector

field associated to H.

Remark 2.2.3. Let H : M — R be a smooth map and F' = H~*(0) be a level surface of H.
Let x € F, then

(Lvy H)(z) = VulH](z)

Hence we have (Ly, H)(z) = dH(z)(Vy(z)) = 0. This implies that H is invariant under
the flow generated by Vg and

Vir(x) = V() € T,LF N &, for x € F.
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2.3. Surfaces in Contact 3-Manifolds and the Characteristic Foliation

Let F' be an orientable surface in a contact 3-manifold (M, ). A point p € F'is called
a singular point if T,F' = ,; otherwise we call it regular. If we fix an orientation on F' and
a contact form A inducing &, we say that a singular point p is positive if the orientation of
T, F and the orientation induced by dA coincide. Otherwise we say p is a negative singular

point.

Let p be a singular point on the surface F'. Let H be a smooth map defined on a
neighborhood of p in M such that F = H~'(0) near p, with dH(p) # 0. Then for each

z € F near p, we have Vi (x) = Vy(z) € T,M N &,. Moreover we have the following fact:

Theorem 2.3.1. A point p € F is singular if and only if Vi (p) = 0.

Proof. If p is a singular point then T,F = &,. For any u € T,F = kerdH (p) = §,, using
(2.1) we have

AV, u) = dA(Vig,u) = dH (X )M (u) — dH (u) = 0.
By non-degeneracy of d\ on §, we have Vy(p) = 0. Now assume Vy(p) = 0. For any
u € T,F, by the equation above dH (p)(u) = dH (p)(Xx(p))A(p)(u) = 0. We had seen that

Ly, A = dH(X\)A\. So dH (X)) never vanishes. Hence A\(u) = 0. This implies T,F C &,
therefore T,F" = &. ]

We say that a singular point p is non-degenerate if the the linearization of Vi at p

has no purely imaginary eigeinvalues. The linearization of Vi at p is defined as

~ d
Vi) = (ol ()ol,_y
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where ¢ is the flow of Vi and v € T,F. In local coordinates (z1,z2) it is the 2 x 2
matrix of the form ((%(p))u) One can see that non-degeneracy of p is independent of
the choice of H. Indeed, if F = K~(0) near p, for some function K then Vi = pVy for
some non-vanishing function p and Vi (p) = p(p)V}(p), that is the linearization changes

by multiplication with a nonzero real constant.

Let p be a non-degenerate singular point and Ay, Ay be eigenvalues of ‘A/I;(p) We
have two cases. If \{Ay > 0 we say that p is an elliptic singularity. If Ay < 0 we say
that p is a hyperbolic singularity. If Ay A > 0 then either A\;, Ay € R\ {0} have the same
sign or A\; = X\ with nonzero real and imaginary parts. In the first case we call an elliptic

singularity nicely elliptic.

The following theorem, gives a normal form for a surface around a singular point of

it. For the proof see [13].

Theorem 2.3.2. Let f be a smooth map on R? with f(0) = 0 and df(0) = 0. Let F be
the graph of f. Assume 0 is a non-degenerate singular point of F' for the standard contact
structure on R®. Moreover assume that there is no other singularity on {(x,vy, f(z,y)) :
(x,y) € B(0,€)} for some ¢g > 0. Then for a given € € (0,¢) and § > 0 there exists a
smooth map f such that the associated surface F' has the same singularities as F. Moreover
f = f outside of B(0,€), and ||f — fHCO(B(O,e)) < 0. In addition we can choose

fle.w) = 5o

near 0 if 0 is an elliptic singularity and we can choose

fley) = 3y

near 0 if 0 is a hyperbolic singularity.
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Now we will define the characteristic foliation of a compact, oriented surface in a
contact 3-manifold. It is basically an equivalence class of vector fields on the surface which
lie on the intersection of the tangent bundle of the surface and the contact distribution.
We identify two vector fields if we can obtain one from the other by multiplication with a

smooth strictly positive function on the surface.

Let F' C M be a compact, oriented surface and (M, \) be a contact 3-manifold with
the contact structure &. We pick a volume form w for F' inducing the orientation. Let

1 : "' — M be the inclusion. We define a vector field Z on F' by the equation:

w(Z,-) = i*A(). (2.2)

Then we define the characteristic foliation for F' by

(2] ={fZ : f € C*(F,(0,00))}.

It is known [13] that [Z] is independent of the choice of w and the integral curves obtained
on F is independent, up to reparametrization, of the choice of the vector field in [Z]. We

call each integral curve of a given vector field in [Z] a leaf of the characteristic foliation.

We observe that if p € F'is a singular point, that is T, F' = &, then (2.2) yields Z(p) =
0. On the other hand, if T,F is transversal to &, then (2.2) implies that Z(p) € T,F N¢&,

1S nonzero.

2.4. The Overtwisted Disk

One of the main features that is used for differentiating contact 3-manifolds is the
existence of a special embedded surface called an overtwisted disk. An overtwisted disk

D in a contact 3-manifold (M, \) is an embedded closed disk in M such that 70D C |p
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and there is no singular point on 9D, that is, 9D does not contain a point p such that
T,D = &,. If a contact 3-manifold contains an overtwisted disk we call the contact structure
overtwisted. Otherwise we say it is tight. Similarly, a contact form is called overtwisted
(tight) if it induces an overtwisted (tight) contact structure.

A standard example of an overtwisted contact form on R? is
T = cos(r)dz + rsin(r)df
where (7,0, z) are cylindrical coordinates. For a sufficiently small € we put
D= {(x,y,e(w2 — (2* + y2))) st 4yt < 1)

We see that D is an overtwisted disk.

We call a diffeomorphism ¥ between contact manifolds (M, \) and (N, 7) a contac-

tomorphism if
Urr = A\

If such a diffeomorphism exists then we say A and 7 are isomorphic. It is easy to see that

a contactomorphism would preserve overtwisted disks.

The following theorem, whose proof follows as in [16], shows the existence of a tight
contact structure on R3.
Theorem 2.4.1 (Bennequin). The standard contact structure on R? is tight.

Corollary 2.4.2. On R3, there exist two non isomorphic contact structures.
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Figure 2.1. The characteristic foliation on an overtwisted disk with an elliptic singularity.

As we defined, above an overtwisted disk does not contain a singular point on its
boundary. But in general, it may contain uncountably many singularities in the interior.
Since boundary of an overtwisted disk is transverse to the contact structure, the boundary
itself is a leaf of the characteristic foliation. The rest of the leaves may have a complicated
geometry depending on the distribution of interior singularities and their types. However
the work of Eliashberg, Fuch and Giroux on elimination of singularities gives the following

important result:

Theorem 2.4.3. Let M be a 3-manifold with an overtwisted contact form \. There exists
an overtuisted disk D so that D has exactly one singular point, an elliptic singularity e in

the interior, and all leaves of the characteristic foliation connect e with 0D

A detailed proof of this theorem can be found in [13].
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3. PSEUDOHOLOMORPHIC CURVES,
SYMPLECTIZATION,
AND PSEUDOCONVEXITY

3.1. Pseudoholomorphic Curves

In this chapter we will introduce the notion of pseudoholomorphic curve in general.

Then we will present our setup and study pseudoholomorphic curves there.

Pseudoholomorphic curves are generalizations of holomorphic maps from a domain
2 C Cinto C*. We just replace Q with a Riemann surface and (C",7) with an almost

complex manifold (W, J).

An almost complex structure on a 2n-dimensional manifold W is a smooth map

J:TW — TW such that
Jp T, W — T,W, is linear and Jz = —id
for all z € W. Then the pair (W, J) is called an almost complex manifold. We say that an
almost complex structure J is integrable if there exists an atlas {«, Uy}, on W such that
for all x € W,
da(x) o J, = Jyoda(x) : T,W — R*",
where J; is the matrix representing the standard complex multiplication on R?** ~ C".

If such an atlas exists then the transition maps are biholomorphic. We say that J is a

complex structure if J is integrable. Integrability says that locally an almost complex
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structure is just the complex multiplication. A Riemannian surface (S, j) is a 2-manifold

with a complex structure j.
Now we are ready to make the generalization. Let S be a Riemannian surface with
a complex structure j and (W, J) be an almost complex manifold. A pseudoholomorphic
curve (or a (j,J) holomorphic curve, or a J-holomorphic curve in short) is a smooth map
u:S—-W
which satisfies the nonlinear Cauchy—Riemann equation
duoj = Jodu;

that is, the differential of u is complex linear with respect to j and J.

In order to see the local picture of such a map, we take an atlas {U,, ¢} on S such

that

d¢aoj:iod¢a

and transition maps ¢, o (bgl are biholomorphic. Then u is pseudoholomorphic if and only
if every local representation u, = uo ¢! of u is (4, J) holomorphic on ¢, (U,). We see that

in local coordinates z = s + it, the nonlinear Cauchy-Riemann equation looks like

Osttg + J () Oyt = 0
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or equivalently,
Opttg, — J(Ug)Osuq =0
which are nonlinear first order partial differential equations.
3.2. Symplectization and Pseudoholomorphic Disks
Let M be a 3-dimensional, contact manifold with a an overtwisted contact structure

&. Let X\ be a one form inducing £ and X be the associated Reeb vector field. According

to [13] we can choose a complex structure J : £ — & compatible with d\|¢ge, that is

9s(5-) = dA(-,J)

is a Riemannian metric on £&. Now consider the four manifold R x M. We have

TR x M) =R, ®RX,® ¢

where R0; is the line bundle spanned by 0; and RX), is the line bundle spanned by the
Reeb vector field X,. We define an almost complex structure J on R x M by

J(ad; 4+ bXy 4 v) = (=bd;, + a X, + Jv) (3.1)

that is, J acts on & as J and maps 8, to X, and X, to —9,. Writing explicitly, we get

J(a,u)(h, k) = (=Mw)k, J(w)m\k + hX,(u)) (3.2)
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where (a,u) € Rx M, (h, k) € Tiqu)(R x M), and 7y : RX ® & — £ is the projection onto
€.

Considering A as a 1-form on R x M, we see that the 2-form d(e‘)) is a symplectic
form on R x M. Therefore we call (R x M, d(e'\)) a symplectization of M. We observe that

the almost complex structure J is compatible with the symplectic form d(e'M). Indeed,
d(6t>\) (alat + b1X)\ + U, j(agé)t + ng)\ + UQ)) = et (a1a2 + b1b2 + d)\(Ul, JUQ))

for (a;0; + b; X\ + v;) € RO & RX, & £ and it gives a Riemannian metric on R x M. It
is also easy to see that for any smooth map ¢ : R — R with ¢ > 0 and ¢’ > 0, d(¢)) is
symplectic on R x M and J is compatible with d(pA). For the sake of simplicity we define

the Riemannian metric on R x M by

G(7) = 2 d(eN)(- T()).

Gt
Writing explicitly we get
9(aw) ((h1, k1), (ho, k2)) = hihe + A(w)kiA(w)ke + g5 (mak1, Taks)
In this study we will mainly concentrate on pseudoholomorphic disks in the symplec-

tization, i.e., the smooth maps

w:D—-RxM
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defined on closed unit disk D C C, which satisfy the following partial differential equation,
Ostu + J(u)oyu = 0 (3.3)

or equivalently,

Byt — J(@)dyii = 0 (3.4)
on D, where z = s+ it. If we put @ = (a, u), from (3.2) we get

0 = (9sa, Osu) + J(a,u)(Ba, Ou) = (dya,dyu) + (= Aw)du, J(u)m\Opu + d,aX(u))
= (Gsa — Mu)Oyu, Osu + J(u)m\Oyu + 8taXA(u))

and

0 = (dva, Ou) — J(a,u)(0sa,0su) = (dsa,du) — (= Aw)dsu, J(u)mr05u + Osa X (u))
= (Ba + Mu)Osu, dyu — J(u)mrd5u — Osa X\ (u))

Then we have
Jdas — Mu)Oyu = 0, and da; + \(u)dsu = 0, (3.5)
which is clearly equivalent to

u'A= —daoi.
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From (3.5), we deduce;

0 = Osu+ J(u)m\Ou + 0jaXy(u) = su+ J(u)madiu — Mu)dus X (u)
= AMuw)Ous Xy (u) + m\0us + J(u)mrOpu — Au)O0us Xy (u)

= m\Ous + J(u)m\Ou

Hence the nonlinear Cauchy—-Riemann equation yields,

m\0su + J(u)m\Ou =0, u'\ = —daoi. (3.6)
Taking the exterior derivative of the both sides of u*A = —da o7 we get
u*d\ = d(u*\) = d(—da o i) = (Aa)ds A dt (3.7)

On the other hand,

(w'dN)((1,0),(0,1)) = d\(us,u)
= d\(Taus, TrUL)
= dX(myus, J(u)myus)

= gJ(ﬂ')\Us’ 7T,\Us)

2
= ’7T>\u8|J
As a result we have

Aa = |myug)y = |3
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We define the energy of a pseudoholomorphic disk @ by

Bl@) = sup [ ad(eN).

peX

where ¥ = {p : R — [0,1] : ¢ is smooth, ¢’ > 0}. Here we see p as amap ¢ : Rx M — R
which depends only on the R component of R x M. We observe that

wd(p)) = d(pod) AN+ (poa)a*(d\)
= ¢'(a)da AN\ + p(a)u*d\
= ¢'(a)[(asds + a;dt) A (M(u)usds + A(uw)wdt)] + (a)u*dX
= (so’(a) lasA(u)uy — ap(uw)us] + 1so(a) [Imnus| + Imusm)ds A dt

2

1

= 3 (go’(a) [a? + af + (Mw)ur)® + (M(w)ue)?] + (@) [[maus] + |qu5]3}>ds A dt

where ay and u, stand for d,a and Osu respectively. So we conclude that a pseudoholo-
morphic disk has nonnegative energy. Moreover, (3.6) and (3.7) imply that @ is constant
if and only if E(a) = 0. Indeed, E (@) = 0 implies,

as = a; = Mu)us = AMu)uy = 0, and myus = myuy = 0,

then

us = M) (us) Xy (u) + myus = 0, and us = A(w)(u) X (u) + myuy = 0.

3.3. Pseudoconvexity and Implications on Pseudoholomorphic Disks

In this section we define pseudoconvexity of a codimension 1 submanifold in an almost

complex manifold and we derive some implications of this phenomenon on pseudoholomor-
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phic disks in the symplectization of a contact 3-manifold.

Let (W, J) be an almost complex 4-manifold and M be an orientable codimension 1
submanifold of W. Assume we have a decomposition of W as follows: W\ M =W~ UWT,
where W™= NW* =0 and W-NW+ = M. We say M is pseudoconvex with respect to W~

if there exists a smooth function h : W — R such that

(i) h=1(0) = M,
(i1) dh(x) # 0 for all x € M,
(iii)) W~ ={z € W : h(z) < 0},
(iv) —d(dh o J), (v, J(x)v) > 0 for all nonzero v € T,W,k x € W.

Each tangent space T, M contains a unique complex line of J. Let us denote it by &,.
These complex lines give a plane distribution £ in T'M which is canonically oriented. Since
TM is also oriented we have a trivial line bundle T'M/¢. Hence there is a vector field YV
on M such that TM = ¢ ®RY. If M is pseudoconvex, then £ is the kernel of the one form
(dho J)|rp. Moreover it is easy to see that (dho J) Ad(dho J) is a nonvanishing top form
on M. Hence the distribution of complex lines of J on T'M is a contact structure induced

by dh o J.

The following theorem shows the behavior of a pseudoholomorphic disk whose bound-

ary lies on pseudoconvex submanifold.

Theorem 3.3.1. Let u : D — W be a smooth solution of nonlinear Cauchy—Riemann

equation with boundary condition w(0D) C M. Then either

u(D) Cc M
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or

o

u(D) C W~ and u is transverse to M at each z € 0D, i.e.,

du(z)TzD D Tu(z)M = TU(Z)W

Proof. Let h: W — R be as above and define f = howu: D — R. Then

(—Af)ds Adt = d(df oi)
= d

d
dh o duoi)
— d(dho Jodu)
u

(
(
(
= d(u*(dho J))

= w'(d(dho J))

= d(dh o J)(us,u)ds A dt

= d(dh o J)(uy, J(u)u,)ds A dt.

Hence Af > 0. We also have f|sp = 0. Applying the strong maximum principle [17],
we get
f=0on D
or

f<()onf)andg—f>00n8D,
v

0
where 8_f is the outer normal derivative. We observe that first case is equivalent to
v
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o

u(D) C M. In the second case we have u(D) C W~. Moreover for fixed z € 0D,

of d
L) = £12)

t=1

Then
d(h(u(2))) o du(z)(Rz) > 0.

Hence d(u(z))Rz is not contained in T,,.)M since dh(x)|r,ar = 0. Therefore dimensions of

du(z)T.D and T,)M add up to a number at least 4. O]

Returning to our case, we put W =R x M and J = J as before. Then we choose
h:W—R, (tx)—e -1
and W~ = (—00,0] x M, WT =0,+00) x M. We compute that

(dh o J)uay(h, k) = (e'dt)(a(J(t,x)(h, k))
= (etdt)(m)(—)\(x)k‘, J(x)mak + hX)\(z))
= —e'\a)k
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and

—d(dh o J)a((h. k), J(h,k)) = (= d(=e'N)((h, k), I (hk))
= (edt AN+ e'dN\) ((h, k), (@)K, J(x)mk + hX)\(2)))
= (P + (A(@)k)?
+d(@)((h, k), (=\(@)k, J(2)mak + hXx(2)))
= ' (h* + (Ma)k)* + d\(2)(mak, J(2)mk))
= ' (B + (A\(@)k)* + [mk[3)

for all (t,2) € R x M and (h,k) € TR x M, (h,k) # 0. Therefore we conclude that

M =~ {0} x M is pseudoconvex with respect to (—oo, 0] x M.

Here we make an observation on pseudoholomorphic disks whose boundary lies specif-

ically on an overtwisted disk in M.

Corollary 3.3.2. Let M be a contact 3-manifold and D C M be an overtwisted disk with

an interior singularity e. Let
= (a,u):D—RxM
be a J-holomorphic disk with
w(0D) C D* = {0} x D* C {0} x M.
where D* =D\ {e}. Then either

u = constant
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or

/ u*d\ > 0, a(int(D)) <0, |Va| #0 on 0D, and ulsp : 0D — D*
D

18 an immersion transverse to the one-dimensional distribution &|p N TD* — D*.

Proof. Applying the previous theorem we have two cases. If w(D) C M then a = 0. By
(3.6) and (3.7), we have u*A = 0 and u*d\ = 0. Then we have

0 = u*d\ = ~(|myus|3 + |maue|3)ds A dt, and A(u)us = A(u)u; = 0.

1
2

Hence us = u; = 0 which implies that u is also constant.

If the second case holds, we have 4(D) € W~ = (—00,0] x M, ie. a <0 on D.

Moreover @ is transverse to M at each z € dD. Then for z € 0D we have
du(2)T.D + Ty.yM = (da(2)T.D, du(2)T.D) + (0, Ty M) = T W.
Then da(2)T,D = R for all z € dD. Hence |Va| # 0 on 0D. We observe that
(—Aa)ds Ndt = d(da o i) =d(—u*\) = —u*dA.

Then [w*d\ = 0 implies (—Aa) = 0. With boundary condition alsp = 0, we get a = 0
which contradicts to [Va| # 0 on dD. Hence [ u*dX > 0.

Now we want to show that for all z € 0D

d(ulop)(T.0D) N (Ty)D* N Eu(z)) = {0}
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We already know that d(u|sp)(T.0D) lies on T,,,yD*. Now we claim that d(u|op)(1.0D) €
§uz)- Take v € T.0D. We have T.D = Rv + R(iv) and da(z)v = 0 since a = 0 on
OD. On the other hand, da(z)T,D = R. Therefore da(z)(iv) # 0 which implies that
(u*AN)v = —da(z)(iv) # 0. Hence A(u(2))(uwv) # 0 ie. uv ¢ &y O
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4. REGULARITY AND COMPACTNESS RESULTS FOR
PSEUDOHOLOMORPHIC MAPS

Let J be an almost complex structure on C" and 2 C C. We define the nonlinear

Cauchy—Riemann operator

9y : C®(Q,C") — C®(Q, C")

5J¢ = ¢s + J(¢)¢t’

where z = s 4+ it € ). We see that pseudoholomorphic maps between (2 and C" are zeros

of the nonlinear Cauchy-Riemann operator.
In what follows, we will consider the Cauchy-Riemann operator corresponding to
standard complex multiplication on C" and state a theorem which gives estimates for this

operator acting on compactly supported smooth maps from C into C". Using this theorem

we will establish some regularity results for pseudoholomorphic maps.

Theorem 4.0.3. Given 1 < p < oo, R > 0, and k € N there exists a constant ¢ > 1,
depending on p, R and k, such that for all ¢ € C§°(Bgr,C") we have

o]k pc < cl|08]|k-1p.c-

Proof of the theorem is easy for k£ = 1 but it is much more complicated in general.
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One can find the proof in [13]. Now we use this theorem and some other technical results to
derive a regularity result for maps from closed unit disk into an almost complex manifold

which satisfy nonlinear Cauchy—Riemann equation rather than a linear one.

Let W be a 2n-dimensional almost complex manifold with an almost complex struc-
ture J. We embed W into R for some N using Withney’s Embedding theorem and view

w as a map from D into RY. We write

8 aq a ag
D% = | = =
! (a) (f%) v
where @ = (a1, az) € N? is a multi-index. Let K C W be a compact subset. We denote

the closed unit disk by D. Let I'(¢, K) denote the set of smooth solutions u : D — W of
Oyu = ug + J(w)u, =0
on D such that

sup |Vu(z)| < ¢
z€D

and u(D) C K, where

2

2 ou

ou
=152 + E(Z)

Vu() = |5 (2)

Proposition 4.0.4. Let 0 < p < o0, § € (0,1), and | € N. Then there ezists a constant
d > 0 depending on p, 9, ¢, and K, such that

sup |[u
uel(¢,K)

|l,p,B(0,5) <d.
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Proof. We use induction for the proof. We first see that since u(D) C K and K is compact
in RY the statement is true for [ = 0. Moreover the existence of a uniform gradient bound
makes the statement true for [ = 1. We assume that the statement is true for [ > 1. We
see that if sup ||u||i41,,8(0,s) = 00, then one can find a sequence (u) € I'(c, K) such
that HukHljle;;ﬁ;) — +400. So it is enough to show that every sequence in I'(¢, K') has a
subsequence which is bounded in W!1P(B(0,5), RY). Fix &’ € (4, 1) and take any sequence
(ug) € I'(¢, K). By induction hypothesis, there exists ¢y > 0 such that ||ug||1p,50s) < cs-

By the compact embedding

W(B(0,8),RY) — c°(B(0,8), RY),

we may assume that u; — u in C°(B(0,¢’)) which also gives u(B(0,0")) C K.

Now given zo € B(0,0’), there is neighborhood U in of u(zg) which is diffeomorphic
to R?" ~ C" via 1) with ¢)(z) = 0. Then there is an open set U in RY such that WNU = U
and there exists R > 0 such that B(u(zo), R) C U. By continuity of u, there is g > 0 such
that u(B(xg,€)) € B(u(xg), R/4). Then by C° convergence, ||uj, — ul|co < R/4 for large
k. Hence for large k, uy(B(zo,€0)) C B(u(zo), R) C U.
We define .J on ¢(U) = C* by
J=dpoJod) "

After composing 1) with a linear map we may assume that .J(0) = ¢ and we define

Vg i= 1 ouy : B(xg,€) — C".
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Now we are in a situation that
Ovp, =0, on B(wg,¢),
and
ve(20) = 0, vy — v in C°(B(zo,e),C).
Viewing ¢ as a map on U and making U smaller before arguing as above, we may
assume that ¢ has bounded derivatives of all orders on U. We apply Theorem A.0.7 to

ug’s and v;,’s and conclude that (vg) is bounded in WHP(B(z, ), C").

Now we claim that for some € € (0, €], (vg) is bounded in WP (B(x,€), C"). Let

€ € (0, 2]. We define a smooth cut-off function 3. : C — R with

supp(f.) C B(xg,2¢) C B(xg,€), and 5. =1 on B(xo, €).

By construction, S.v is compactly supported so we can apply Theorem 4.0.3 to Bcv,. With

the constant coming from Theorem 4.0.3 we have,
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A\

cilekHlJrl,p,B(wo,e) = Cil"BekalJrl,P,B(ro,eo)

10(Bevi)lip, 5wo.co)

IN

< ||(ﬁevk)s + j(vk)(ﬁevk)t||l,p7B(~’vo7Eo)
+ 1100 = T (06)) (Bevr )l 1. Bwo 0
< NBel(vr)s + J (Wr) )l 1o, Baoseo)

+ [1(Be)svr + (Be)e (0r) vk, B o se0)

(6
+ 116 = T (o) (Bevi)ellip,Bao.co)
= [1(B)svr + (B)ed (0 0k 1. Bwo.c0) + 11 = T (W) (Bevn)ellip,Baosco)

where the last equality follows from the fact that v,’s are j—holomorphic.

We consider the first expression at the last line. Since [, is smooth and
supp(fe) C B(xo, 2¢) C B(xo, €0),

all partial derivatives attains their maximum on B(zo,€). So we know that
(B lip.Bzo,co)s [|(Be)sllip,Bzoco) a0 [|(Be)¢||1,p,B(woe0) are finite and using Theorem A.0.5
we can make ||(Be)sVk||1p, B(zo,e0) Uniformly bounded. Now we view J as a smooth map from
R?" into GL(R>") ~ R*”*. We remember that the parametrization 1 is a diffeomorphism
between U and ¢(U) and ¢ can be chosen so that ¢(U) is a bounded domain. Therefore
choosing U smaller if necessary, we may assume that J has bounded derivatives of all
orders on ¥ (U). We also have vy(B(xo, €)) C ¥(U) for all k. Now we can apply Theorem
A.0.7 to J(vy,) and we get

HJ(Uk) - J(O>H1,P7B(Io,eo) = HJ<Uk> - Z.HLp,B(fo,eo) < C|’UI€HZ,P7B($0,€0)'
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for some ¢ > 0. By triangle inequality and boundedness of (vy) in W'?(B(xg, ¢), C"), we

conclude that ||j(vk)||lyp,B(xD,€0) is uniformly bounded and therefore ||(5€)tj(vk)||l7p73(075) is

~

uniformly bounded by Theorem A.0.5. Hence ||(5c)svi + (Be)ed (Vi) Vk||1,p,B(0,6) 15 bounded
by some C' > 0.

Now we consider the second expression at the last line. We see that

110 = J (&) (Bevr)ill.p, Baoseo)

contains two type of integrals. First type consists of the followings:
ﬁDﬁ(i — J () D7 (Bevg ) [Pda

where 0 < |G| < |a] = [. In these expressions we have derivatives of vy’s up to degree [. By
similar arguments as above, using induction hypothesis, Theorem A.0.7 and Theorem A.0.5
we conclude there is a constant C” > 0 such that these integrals are bounded independent

of k.

In the second type, we have the integrals that contain derivatives of v;’s of degree

[ + 1, namely

Jii= oG

where |a] = [. Since supp(f3.) C B(xg, 2¢), we have

/ (i — J (o)) D™ (Bevy)[Pdar < ||(i — j(vk))Hioo(xoge)/ | D*(Bevr)i|Pdee.
B(xo,ea) B(xo,eo)
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Hence

A

(@ = T (i) D (Bevn)il | Lo Bao.coy < (@ = T (01 (@0,26) | FcVk] 1419, B o o) -

For some constant d > 0, counting number of o’s with |a| = [, we have

11 = (W) (Bevr)llip,Biao.co) < O+ dlI(i = J ()] 2% @020 | Bevi 41,5, Bz c0)

We combine all these results and get

M 1Bevilli1,p,80.8) < C + C 4 d)|(i — J(0k))] Lo ro.20) | |BeVk 11, B sco)

Then we add and subtract

~

df|(@ = J (k)L (@o.20

and deduce
(C_l —7(e) — T(k>)Hﬁ€vk||l+1,p,B(0,5) <C+C,
where
7(k) == d( || = JO)lz=mo20 = [1G = J(@))][(r0.20))
and

(€)= d(|1(0 = (@)l (ao.20))-
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We have y(e) — 0 as € — 0 since v(0) = 0 and J(0) = i, and 7(k) — 0 as k — oo since

v — v uniformly. We choose € small and k large so that we have

e —a(e) = (k) > %

Then we have

cC+C

T =y =T

0kl 1419, B(o.0) < Bevklli+1,p,B0.8) <

Now for each zyp € B(0,6) there is ¢ € (0,¢)] such that (v;) is bounded in
WHLP(B(z0, €), R?"). We compose each v, with =1, apply Theorem A.0.7 and conclude

that (uz) is bounded in W' P(B(z,€),RY). By compactness of B(0,4d), we can cover
B(0,4) with finitely many B(zg,€). Hence (uy) is bounded in W HP(B(0,4), RY). O

Since B(0,6) has Lipschitz boundary for each § € (0,1) and 2 < p < 0o, by Theorem

A.0.6 we have a compact embedding
WHEP(B(0,0), RY) < C'(B(0,6), R™).

Therefore uniform Sobolev bounds give us uniform C! bounds.

Theorem 4.0.5. Let I'(¢, K) be as above. Then given § € (0,1) and | € N, there is a

constant d > 0, depending on l, ¢, 6 and K such that

lullezos) < d

for every u € I'(c, K)
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Now we will state a compactness theorem for pseudoholomorphic disks, which is one

of the main ingredients for the proof of the Weinstein conjecture.

Theorem 4.0.6. Let (M, \) be 3-dimensional closed contact manifold and let D be an

overtunsted disk in M with an exactly one singularity e. Let
ﬂk:(ak,uk)iD%RXM

be a sequence of J-holomorphic disks, where J is an almost complex structure on R x M,

such that
up(0D) C {0} x D\ {e}, and iI]}f dist(u(0D), e) > 0.
Assume also that
sup || Vg |copy < +o0. (4.1)

Then there is a subsequence of (i) that converges to a J-holomorphic disk @ : D — R x M

with @(dD) {0} x D\ {e} in C>(D).

Proof of this theorem relies heavily on the regularity result that we just proved.
Using the fact that ax|lsp = 0 for all k and the compactness of M we get a k-uniform
C°(D,RY) bound. Then we can apply Theorem 4.0.5 to the sequence (i) since we have
(4.1). Applying Theorem 4.0.5 and Arzela-Ascoli theorem successively and using a diagonal
choice argument as we will see in the proof of Proposition 5.1.1 and Proposition 5.2.1, we
construct a subsequence of @ that converges to a pseudoholomorphic disk % in C'(K, RY)
for any [ € N and for any closed K C D with KNdD = (). However this does not establish
that this subsequence converges to @ in C*°(D,R"). To establish this we need a regularity

result for pseudoholomorphic disks near the boundary of D. Using such a regularity one



can establish the C'* convergence on D as in [9] and [13].

40
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5. THE EXISTENCE OF A FINITE ENERGY PLANE
IMPLIES THE
EXISTENCE OF A PERIODIC ORBIT

In this chapter, we will show that the existence of a nontrivial finite energy plane in
the symplectization (R x M, J ) is a sufficient condition for the existence of a periodic orbit
of the Reeb vector field correspoding to the overtwisted contact form A on M. Recall that
by a finite energy plane we mean a J-holomorphic map from C into R x M which has finite

energy.
5.1. Finite Energy Plane and the d\ Energy

We start with proving that a nontrivial finite energy plane cannot have zero ”d\”-

energy, where )\ is defined in Chapter 3.

Proposition 5.1.1. Let i : C — R x M be a solution of the nonlinear Cauchy—Riemann

equation
s + J ()i = 0
with [ u*d\ =0 and E(@) < co. Then 1 is constant.

Proof. Recall from Chapter 3 that

1
uwrd\ =

SUmsul3 + Iy

So, [ou*d\ = 0 implies |myu|5 = [maus|5 = 0. Remember also that we have the decompo-
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sition:

us = M) (us) Xy (u) + myus, and uy = A(w)(ug) X (w) + mau. (5.1)

Combining all these, we conclude that

us = AMuw)(us) Xa(w), wp = Au)(u) X ().

Moreover, u*d\ = 0 implies that u*\ is closed and therefore exact, hence there exist a
smooth function f on C such that df = u*\. Recall also from Chapter 3 that u*\ = —daoq.

We define a map
b:=a+1f:C—C
and see that ¢ is a holomorphic function since
df =u*\ = —daoi.
Next, we will observe that since u, and u; have no contact plane components, we may omit
two dimensions of the symplectization R x M, namely the contact planes, and instead of

u we may study ®, which contains R and Reeb components of @, on R x R.

Given p € ¥ = {p: R — [0,1] : ¢ is smooth, ¢’ > 0}, we define a 2-form 7 on C by
7 :=d(¢(s)dt) where z = s + it € C. Since the energy of @ is finite, we have
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DO | —

E(@) > /C @d(pN) = /C

+ o(a) [|myus|5 + |7mus|2j])ds A dt

(MMM+£+MWMV+WMWﬂ

= /C % <g0’(a) (a2 + af + (M(u)ue)® + ()\(U)“t)z])ds Adl
~ [ S+ aitis na
= /C(asft —ayfs)ds A dt

= / P r.
C

Observe that if ® is constant, then a is constant therefore da = 0. This gives
0=—daoi=u"\= \u)(us)ds + Xu)(u;)dt.

We already have |myu|% = |maus|4 = 0 so by (5.1) we conclude that u, = u; = 0, which

means that v is constant.
Now we want to show that ® is constant. We first assume that ® is nonconstant and

has a bounded derivative. Then by Liouville’s theorem we have ®(z) = az + b for some

a,b € C, with a # 0. Hence ® is biholomorphic and

/(C@*T:/CT:/CQs’(s)dsAdt

which diverges for a nonconstant ¢ € ¥ but E(u) < co.

We assume that ® has unbounded derivatives and employ a ”bubbling-off” argument.
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We pick a sequence (z;) C C such that
Ry := |V ®(z)] := |®"(2¢)] — +00

We apply B.0.8 to the function |[V®(z)| and each z; with ¢, = 1 and get sequences (z},)
and (e},) with €, € (0,1] for all £ € N and |2}, — zx| < 2 such that

sV (2)] = Ry,
IVO(2)| <2|VP(z,)| on B(z,¢€,.) C C.

Writing zj, and € instead of z, and €}, we get Ry, = |V®(z)| — 400, Riep — +o00 and
IV®(z)| < 2Ry on B(z, €).
Using the biholomorphic transformation

Z
2 2+ =

Ry,

between B(zy, €;) and B(0, Rgex), we define

O, :C—C, Pp(z) =07 (zk + Ri) — O(z).
k

We see that each @y, satisfy the following: |[V®.(0)] = 1, ®4(0) = 0. Moreover, |V®x(z)| <

2 on B(0, Rye) since
1 z
= — Vo — ||.
(Zk i Rk)‘

Vo
Vo) = 5
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Let us take a closed unit ball centered at the origin and call it By. Then for large k,
By C B(0, Riey,). Since @1(0) = 0 and |[V®(2)| < 2 on By, we get a k-uniform C°(By, C)
bound. Also using uniform gradient bound and Cauchy’s integral formula we get k-uniform
bounds for the higher derivatives on B;. Then by the uniform C* bound on (®;), using
Arzela-Ascoli Theorem, we get a subsequence, say (®,,(;));, that converges in C°(B;,C).
Now we have j-uniform C? bound, so by Arzela-Ascoli we get a subsequence, say (P, ())
that converges in C''(By,C). Passing to a new subsequence for each derivative order, we
get subsequences (®,,,, ,(;)); that converge in C*~!(By, C). Then we choose a subsequence
(o, (j)); of (®y) such that @, ;) = Dy, (5. Then (P,,(;)); converges in C*(By,C) for
all £ € N. Now we take the closed ball with radius 2 centered at the origin, and call it
By. We start with (®,,(;)); and by the same argument as above we get a subsequence
(®y15(j)); that converges in C*(B,, C) for all k € N. Passing to a new subsequence for each

B, := B(0,n), we get subsequences (®,,, ,(;)); that converge in C*(B,,C) for all k € N.

Finally, we choose a subsequence (®;) of (®;) such that ®; = ® j)- Then there exists

vi2..5(

a smooth map ¥ : C — C such that on any compact set K C C, ®; converges to ¥ in
CH(K,C) for all k € N, i.e.,

(I)J — ‘I/ n Cﬁ(@)

Clearly, ¥ is holomorphic and satisfies |[V¥(0)| = 1 and |[VV¥(z)| < 2 on C. Again by

Liouville’s Theorem, V¥ is an affine nonconstant map.

Now let us check the ”energy” of W. We pick ¢ € ¥, nonconstant, and put ¢;(s) :=
@(s — Re(P(2;))) and 7, := d((s)dt). We had seen that &*7,, = u*d(p;A). Hence

/ @37y :/ i < / 7y, = / ud(p;A) < E(u) < +00.
B(O,RjEj) B(ijej) C C
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Given R > 0, for large j, R;e; > R. We get

/ i, — / U, as j — 4oo0.
B(0,R) B(0,R)

Then for all R > 0, E(a) > fB(O r V7, and therefore E(u) > [.VU*r,. Since ¢ is
nonconstant and W is affine and nonconstant, the right hand side diverges. This is a

contradiction. O]

5.2. The Finite Energy Cylinder and Periodic Orbit

In order to prove the existence theorem for periodic orbits, it will be more convenient
to use a pseudoholomorphic cylinder with finite energy rather than a finite energy plane.

Therefore we change our setup as follows. We define a biholomorphic transformation
o:Rx 8" —C\{0}, ¢(s,1) =0T

where S' = R/Z. Let @ = (a,u) : C — R x M be a finite energy plane with nontrivial
energy. We define

7:RxS'—=Rx M, ©=(buv):=1o0¢.
Then we have 950 = 0 on R x S* since ¢ is biholomorphic, and

/u*d)\ = / vid\ > 0.
C Rx St

Moreover, for any ¢ € X,

/M Trdler) = /M (o g) d(ph) = st ¢ utd(pA) = / @*d(pN).

C
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Hence
0< E(u) = E(?) < 40

and v(R x S') C M. As in the previous chapters, we embed R x M into RY for sufficiently

large N. Now we claim that gradient of such a finite energy cylinder is bounded.

Proposition 5.2.1. Let v be as above. Then there exists ¢ > 0 such that
|Vi(s, t)]* = 0,0 + |00 < ¢

for all (s,t) € R x St

Proof. We assume that the gradient of ¥ is not bounded and again we will employ a similar

”bubbling-off” argument. We pick a sequence (s, t;) C R x S! such that
Ry = |V@(Sk,tk)| — —+00.

Then we claim that sy — +00. Assume that (si) is bounded above by some R > 0. Clearly,
the biholomorphic transformation ¢ above maps (—oo, R | onto a closed punctured disk

say B\ {0}. We see that for all k,

Ry < sup  |Vi(s,t)| <sup|Va(z)| - sup  [V(s,t)| < oo
(—oo,R |xS1 B (—oo,R |xS1

since B is compact. Hence s, — +o00.

Now we view 9 : R? ~ C — R x M as a l-periodic map in ¢, and we may assume
ty € [0,1]. We apply Lemma B.0.8 to the function [Vo(s,t)| for each (s, t;) with e, = 1

and pass to the new sequences (s, t;) and (€x) with
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(i) |Viu(s,t)| < 2Ry, for (s,t) € B((sk,t), €x),
(ZZ) Rkek — —I—OO,
(i) e, € (0, 1.

We put zj, := (s, 1) and define
€ o Rx M, i (), ula)) = (bt ) — e oo+ 7))

Rk Rk

It is easy to see that ;9 = 0 on C, |V,(0)] = 1, and |Vg(2)| < 2 on B(0, Ryey) for all

k. Now given ¢ € X, we define ¢i(s) = ¢(s — b(zx)) and get
/ G d(oN) = / Fd(o)) < / Fd(o\) < B(B) < 400 (5.2)
B(O,RkEk) B(Zk,Ek) RX[O,l]
since v is 1-periodic in ¢t and ¢, < %1. We observe that

/ vrd\ = / Fd(po)) < E(6) < +00. (5.3)
Rx[0,1] Rx[0,1]

where ¢y = 1. So given R > 0,

/ vpdA = / v dA
B(0,R) B(zy,R/Ry)

and by (5.3)
/ v*d\ — 0 as k — 400
B(0,R/Rg)
since R/Ry — 0. Therefore

/ vpd\ — 0 as k — +o0. (5.4)
B(0,R)
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Now we will show that there exists a subsequence of () that converges in Ci2,(C, RY).
For all n € N, we put B, := m C C. Similar to the proof of the previous proposition,
we start with By. We have b;(0) = 0 and vg(B,,) C M for all n where M is a compact
subset of RY . So we get a k-uniform C°(By, RY) bound on (7). Observe that since we
also have |Vo(z)| < 2 on By for large k, after rescaling By we can apply 4.0.5 to (7) for
§ = 1 and we get k-uniform bounds on (7}) in C(B;, RY) for all I. Notice that we cannot
use Cauchy Integral Formula here, so we need 4.0.5 for bounds of higher order derivatives.
Using C' bound,by Arzela-Ascoli, we get a C° convergent subsequence (0y,(;));. Using
C? bound on (0y,(j)); coming from 4.0.5, we get a C' convergent subsequence (¥y,,(j)); of
(Tn,(j));- As in the proof of the previous proposition, we repeat this argument successively
and we choose a diagonal subsequence that converges in C*(B;) for all k € N. Then we

repeat the whole argument for each B,, and finally get a subsequence, again say (), such

that

O — W in C2(C,RY)

where w = (,w) : C — R x M. Then we have

djw =0 on C,
[Vw(0)] =1,

Vi(z)| <2 for z € C.

By (5.2) we also have E(w) < E(?) < 400 and by (5.4) we get [, w*dX = 0. By Proposition

5.1.1, @ must be constant but |Vw(0)| = 1 so we have a contradiction. O

Now we are ready to state and prove the main result of this chapter, namely the

existence theorem for periodic orbit.

Theorem 5.2.2. Let @ = (a,u) : C — R x M be a solution of dji = 0 satisfying
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0< E(a) <ooandletT := f(c u*d\. ThenT' > 0 and there exists a T'-periodic solution of

i(t) = Xx(2(1)).

Proof. From Proposition 5.1.1 we know that 7" > 0. By previous discussions we may

assume the existence of a map o = (b,v) : R x ST — R x M satisfying the following;

8J~17:00n]R><Sl,

/ vidN = / u*dA > 0,
Rx St C

0< E(®) =Eu) < +oo,

v(s,t) — u(0) as s — —o0.

By Proposition 5.2.1, there exists ¢ > 0 such that |V (s, )| < ¢ for all (s,t) € R x S. We

pick a sequence s, — +oo and define

1~}k R x Sl — R x M, @k = (bk,vk) = (b(S -+ Sk,t) — b(Sk,O),U(S -+ Sk,t)).
Again we view U3 as a map on C which is 1-periodic in the second argument. We see that
|IVir| < ¢ on C, bg(0) = 0 for all k, and we already have 0,(C) C M. Using the same

arguments as in the proof of Proposition 5.2.1, by Theorem 4.0.5 and the Arzela-Ascoli

theorem we conclude that there exists a subsequence, say (), such that
o — w in Co (R x ST, RY)
where 1w := (8,w) : R x S — R x M satisfies

d50 =0on R x S,

V| < con R x St
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We observe that
sup/ U d(p) = sup/ 0 d(pN).
ey Jrx St Y JRxS1
Therefore
E(w) = E(?) < +00. (5.5)

Hence w is also a finite energy cylinder. Now we fix so € R. Then

/ VA = / v
{So}XSI {80+5k}><51
B /813 0 eso+5k)

= / w d\

B(0,e50t5k)

= / vidA.
00,8k +50] X St

Therefore we get

/ VA — vid\ = / u'dh\ =T as k — +00.
{so}xS?t RxS1 C

Taking @9 = 1 we get

/ 0 d(po) = / v\ < E(D) < +o0.
Rx St Rx St
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so for any R > 0,

/ vpd\ = / v'd\ — 0 as k — 4o0.
[~R,R]xS! [~ Ret-sy,, R+55] X 51

This gives f[—RxR}xsl w*d\ = 0 and hence

/ w*d\ = 0. (5.6)
RxS1!

Again we view w = (f,w) : C — R x M as a map 1-periodic in the second argument. We
repeat exactly the same argument we sketched in the proof of Proposition 5.1.1. Then we

have
ws = AMw)(ws) Xy, and w; = AM(w)(wy) X,

and we define a holomorphic map ® := f+if on C where df = w*\ = —dfoi. We observe
that if ® is constant then 0 = df = (w*\) o ¢ but / w'A =T > 0. So ® is nonconstant.

{So}Xsl
Moreover the gradient of ® is bounded since

sup |[V®|? = 2sup |[VB|* < 2sup |[Va|* < +oo.

C C C
Then @ is an affine nonconstant map, that is ®(z) = az + b for some a,b € C with
a = a; +iay # 0 and b = by + iby. Since [ is 1-periodic in ¢t we have ((z) = [((s,t) =

a1S — ast + by = a1s + by. We compute

ws = AMw)(ws) Xy (w) = =X \(w) =0
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The firute energy plane

el

The periadic Eesh orbit

Figure 5.1. A finite energy plane

and
wy = Mw)(wy) Xy (w) = Bs X (w) = a1 X (w).

We finally define z(t) := w(s %)7 which is an integral curve of X, by previous line. Since

’a

w is 1-periodic, x(t) is aj-periodic. Furthermore

1 1
T :/ UpA :/ Awy)dt :/ a1dt = ay.
{s0}xS1t 0 0
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6. FAMILIES OF PSEUDOHOLOMORPHIC DISKS:
EXISTENCE,
UNIQUENESS, MAXIMALITY

In this chapter we will first define the Maslov index for a map from the unit disk to
a four dimensional almost complex manifold, which satisfies a totally real boundary con-
dition. Then we construct a family of pseudoholomorphic embedded disks in the symplec-
tization of our overtwisted contact 3-manifold M, whose boundaries lie in an overtwisted
disk, and which will have a certain Maslov index. This family will be called a Bishop
family. After, we will state two important theorems that will be used in extending the

Bishop family.
6.1. The Maslov Index
Let (W, J) be an almost complex 4-manifold and let F' be a totaly real submanifold.
This means that dimF'=2 and T, F & J(z)T,F = T,W for each z € F. Let u: D — W be
a smooth embedding such that
0u = u; + J(u)u, = 0 on D,

and u(0D) C F. We know [13] that one can find a complex trivialization

O (uwTW) — (D x C%4)
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of the the pullback bundle w*T'W — D. Since u satisfies a totally real boundary condition,

we can define a loop

Yur : 0D — T1(2),

where 71(2) is the manifold of totally real subspaces of C* with respect to i, by

Yur(2) = pro ®({z} X Ty F)

where pr : D x C? — C? is the projection map. We pick a linear map y on C? such that

X(Vu.r(1)) = R% Composing 7, r with x we get a representative of the homotopy class

[x © u,r] € 1 (T(2), [R?)).

Now we know [13] that there is a distinguished group isomorphism

po i ((2),RY) = Z,  pa(la]) =1,

where

a:[0,1] — T(2), at)=e"ROR.

Using this isomorphism, we define the Maslov index of the map u by

pra(u) = pa([x o %,F])-

One can show [13] that this definition is independent of y and .
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6.2. The Bishop Family: A Family of Pseudoholomorphic Disks Coming Out
From A Singular Point

After defining the Maslov index of an embedded pseudoholomorphic disk, we can now

state the existence theorem for so-called the Bishop family.

Theorem 6.2.1. Let (M, \) be a 3-dimensional overtwisted contact manifold and let D C
M be an overtwisted disk with exactly one elliptic singular point e which lies in the interior
of D. Then, after a C° small perturbation of D near e (keeping e fized without introducing
any other singular points) and a suitable choice of a compatible complex structure J on

ker\ compatible with dX\, there exists a smooth family of embedded disks

u,:D—RxM; 71€(0,1)

with

O ity = Oyiiy + J (1) 04ty = 0 on D

where J is the almost complex structure on R x M associated to J and

(i) u,(0D) C {0} x D\ {e},

(i) u-(D)Na,(D) =0, i 7#p,

(1) {e} UU. @, (0D) is a neighborhood of e in D,
(i) po(t,) =2 for all 7 € (0,1).

Proof. By 2.1.2, we assume that M = R3 X\ = dz + zdy and e = (0,0,0). Near the origin,
we write D as a graph of a function f on R? with f(0) = 0 and df(0) = 0. Using Theorem
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2.3.2, after a C° small perturbation of D near e, we assume that

1

D= {(-T,y, _5373/) : (x>y) S B(O,E)}

for a small € > 0. We see that kerA = {(1,0,0), (0,1, —x)} and define J on ker\ by
J(1,0,0) = (0,1,—x) and J(0,1,—z) = (—1,0,0).

Then the corresponding almost complex structure J on the symplectisation R x M maps

0 o o )
5. to 5~ and £~ to —5-. We see that a map

u(s,t) = (a,x,y, z)

satisfies the nonlinear Cauchy-Riemann Equation corresponding to .J if and only if it sat-

isfies

0sa — Oz —x0sy = 0
Osz + Oa —x0x = 0
Odsx — 0wy = 0
Osy — dx = 0.

where z = s + it. Moreover, the boundary conditions that should be satisfied are the

following;

2e”) = —a(e”)y(e”)

ae”) = 0.



o8

One can easily verify that
-2 72
Ur(s,t) = (Z<82 +t? —1),7s, Tt, —gst); >0, $£+t°<1
solves the system of PDE with the boundary conditions. Omne can also see that these
solutions satisfy the first three property in the conclusion of the theorem. Actually, we
observe that this family of maps form a smooth embedding
:(0,1) x D —Rx M, where u(r,-)="1a,().

Now, we claim that ps(t,) = 2 for all 7 € (0,1). It is easy to see that {0} x D\ {e}

is a totally real submanifold of R x M. So us(,) is meaningful. We observe that

J(tr(s,t))(h, ki, ko, k3) = (—ks — Tsky, —ks, k1, h — Tsky)
for (s,t) € D and (h, ki, ko, k3) € Ty, (s )R x M. We define a map
QTR x M) — (D xR, ®(s,t)(h,ky, ko, ks) := (—7sky — ks, k1, ko, h).
If we identify R* with C? by (h, ki, ko, k3) — (h + iks, ki + iks), we get
D(s,1)J (1iy(s,1))D(s,t) "t = i.
Hence ® gives a bundle isomorphism between the complex vector bundles

(W T(R x R?), J(@i,)) and (D x R*, J(i,)) = (D x C2%,i).
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Figure 6.1. A Bishop family.

Therefore ® is a complex trivialization of vector bundle @*T(R x R?). Now, for each

7 € (0,1) we should consider the loop 7 : [0,27] — TI(2) given by

1(0) = pro @&, T o ({0 x D/01) ).
We pick a suitable linear map y and see that x oy can be homotoped to the loop

0,27 — 71(2)

00— ¢ROR

which has Maslov index 2. O

6.3. The Implicit Function Theorem For The Nonlinear Cauchy-Riemann
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Operator

In this section, we consider the nonlinear Cauchy-Riemann equation in the more
general setting of an arbitrary almost complex 4-manifold. Without proving we will state an
existence result for a family of solutions near an embedded solution and a global uniqueness

result for such solutions . Later we will use these results to extend the Bishop family.

Let W be a 4-manifold equipped with an almost complex structure J. Moreover
let ¥ C W be a totally real submanifold. We consider the nonlinear Cauchy—Riemann
equation

Eju:us+J(u)ut:00n15 (6.1)
with boundary condition

w(@dD) C F (6.2)

where D C C is the closed unit disk.

Theorem 6.3.1. Let ug be an embedded solution of (1) and (2) with Maslov index p(ug) =

2. Then there exists a smooth embedding
u:(—€,e)xD—W
such that

u(r)(0D) C F,
dyu(t) =0 for all T € (—e¢,¢€)
w(0)(z) = uo(2) for all z € D
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where u(7)(z) = u(r, z). Moreover the associated disk family

is unique up to biholomorphic parametrization of D and smooth parametrization of (—e, €).

This result relies basically on the application of the Fredholm theory to the lineariza-
tion of the nonlinear Cauchy—Riemann operator and it is out of the scope this study.
However we will roughly summarize the main steps of the proof. A detailed proof can be

seen in [13].

The first step is putting the setting into a normal form near the embedded solution uy.
It can be shown that a diffecomorphism from a neighborhood of ug(D) onto a neighborhood
of 0 € C? can be constructed such that, via this diffeomorphism we may take W = C?

locally and ug turns into ug(z) = (z,0). Moreover, we may assume J|pyo} = 4, and

F={(z,a)] z€0D; aecR}.

The second step is investigating the set (0;)~'(0) near the solution ug(z) = (z,0).
For this purpose, the nonlinear Cauchy—Riemann operator is viewed as a map between
appropriate spaces. It can be shown that that for 2 < p < oo and a sufficiently small
neighborhood U of D x {0} = uy(D)

0;:B— LP(D,C?



62

is smooth where

B={ueW"¥D,C?| u(@dD)c F;u(D)c U}

Here B is a Banach submanifold of W?(D,C?), which admits an atlas of one chart. A
point in B can be parameterized as follows: one basically lets uy flow via the exponential
map along ”"tangent functions” which constitute the space which is locally diffeomeorphic

to B. Next, the Fredholm theory can be utilized on the map

D3 y(ug) : Ty,B — LP(D,C?)

and it can proven that ps(ug) = 2 implies that DJ;(ug) surjective and the kernel of
DOj(up) is a 4-dimensional subspace of T}, B. Finally, by implicit function theorem one
can show that (9;)~'(0) is a 4-dimensional submanifold of B which is diffeomorphic to a
small ball in kerDd;(ugp). One can further show that near ug, (9;)~*(0) is 1-dimensional
and the remaining three dimensions correspond to the biholomorphic reparametrizations
of the closed unit disk. This means that any element of (9;)7(0), which is sufficiently
close 1y with respect to the norm of W1?(D, C?), necessarily lies in the family given by the
theorem (maybe after a reparametrization of D). This uniqueness result is much stronger
then the statement of the theorem and the arguments in the next section will heavily lie

on this uniqueness result.

6.4. The Maximal Family

Recall from the Chapter 5 that in order to show the existence of the periodic orbit it
is enough to show that there exists a nontrivial finite energy plane in R x M. On the other
hand, in the Chapter 7 we will see that the existence of a family of pseudoholomorphic

disks with unbounded gradients gives rise to the nontrivial finite energy plane that we
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need. Now our aim is to establish the existence of a pseudoholomorphic disk family with

unbounded gradients.

First we observe that gradients of pseudoholomorphic disks can be made arbitrarily
large if the closed unit disk is suitably reparametrized. We know from complex analysis
that conformal automorphisms of the closed unit disk D are of the form:

0 20 — %

¢(z) = e’(’lo_—z_oz

where 6 € [0,27] and 2 € D. If we choose 2 close to dD then we can make ||V||co(p)
arbitrarily large. Since ¢ is biholomorphic, composing ¢ with a pseudoholomorphic map
gives a pseudoholomorphic map with a gradient norm scaled by ||V¢||cop). Hence by
reparametrizing D we can construct a family of disks with unbounded gradients from a
given family. But in Chapter 7, we will have to fix a special parametrization of D for
each pseudoholomorphic disk of the family that will lead the existence of a finite energy
plane. Therefore, we need a family of pseudoholomorphic disks whose gradient norms are
unbounded independent of the parametrization we choose for D. We see that instead of

the gradient norm the following quantity will be more convenient to use. We define

e(tr) = _inf V(i 0 )lleocn)

¢€Aut(D

where Aut(D) stands for the set of all biholomorphic maps from D to itself. We know that
for any @, we can find ¢ € Aut(D) such that

e(ii;) = ||V (i 0 ¢)|[co(py

[9]. We say 1, is nicely parameterized if e(t,) = ||Viir||copy already.

Remark 6.4.1. Now let us construct the disk family that we need. Let (M, \) be a closed
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3-manifold with an overtwisted contact structure kerA. Let D C M be an overtwisted
disk. By Theorem 2.4.3 we may assume that D has exactly one singularity e € D which is
elliptic. By Theorem 6.2.1 there exists an embedding

@:(0,1)x D —Rx M, al():=a(r)

with d5ii, = 0, @,(0D) C {0} x D\ {e} and py(@,) = 2. We may assume that (i) is

nicely parameterized. We define
0 := inf dist(a,(0D), 0D).
Then we have two cases; either 6 > 0 or 6 = 0. First, we assume that § > 0. If (e(4,)) is

unbounded then we get the family we need. Otherwise, we pick a sequence 7, — 1 and we

have a sequence
Uy, - D —=Rx M
such that
U, (0D) C {0} x D\ {e}, and ir]%f dist(@,, (0D),e) > 0,
since (@, ) comes from Theorem 6.2.1. Moreover we have
szp | Viig,||copy < 00.
Then by Theorem 4.0.6, we may assume that there exists a pseudoholomorphic map

u D —=RxM
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such that @;(0D) C {0} x D\ {e} and

Uy, — Uy in C*(D).

Using the hypothesis on the winding number of ., |sp, and Corollary 3.3.2, we can
show that @,, and @; are embedding near the boundary. Then following [14], we define the
selfintersection numbers Int(a;), Int(d,, ) € Z. We know that Int(@;) = 0 if and only if @,
is an embedding. Hence we already have Int(@,, ) = 0. Then one can show that Int(d;) =0

since @, — @ in C*. For the details see [9], [14].

Now, @ is an embedding with us(t;) = 2. By Theorem 6.3.1, there exists a smooth

embedding

0:(l—¢,14€e)xD—=RxM, o,):=0)()
such that #(1)(+) = @y(+), 079, = 0 and 3,(0D) C {0} x D\ {e} forall v € (1 — ¢, 1 +¢).
Now, since i, — @ in C*°(D,RY), by the arguments in the proof of Theorem 6.3.1 that
are mentioned above we conclude that for a large k, @, lies in the 1-dimensional branch
of solutions (7, ), maybe after a reparameterization of its domain. But the solution family
is also unique around @,, therefore the families @, and v, fit together. Moreover ¢ extends

u and 0 decreases since 4 and ¢ are embedding.

This argument can be repeated unless we meet a family with unbounded gradients.
So, if no family with unbounded gradients appears then J can be improved until it is zero.

Now assume that we reach a family (i, )rc(0,) With

inf dist(a,(0D), 0D) = 0.
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Now if (e(@,)) is still bounded, by an argument similar to the above we improve the family

beyond 1., which implies the existence of a pseudoholomorphic disk, say #,,, such that

dist (i, (9D), D) = 0

Since U, (0D) and 0D are compact they must intersect and since @, (0D) C D they
must intersect tangentially. But this cannot happen since 9D is a leaf of a characteristic
foliation and by Corollary 3.3.2 we know that @, |sp must be transverse to the leafs of the
characteristic foliation. Therefore at some stage this chain of arguments break down so we

conclude that there exists a family @, such that

sup, (i) = +0,

@,(9D) C {0} x (D\ {e}),
dist(a,(0D),e) > 0.
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7. UNBOUNDED GRADIENTS IMPLIES THE EXISTENCE
OF A FINITE
ENERGY PLANE

In this chapter we consider the case where gradients of a family of filling disks blow
up. We first establish some energy estimates for a given family then we state and prove
the main theorem of this chapter which says that unbounded gradients give rise to a non

trivial finite energy plane.

Let (M, ) be a 3-dimensional closed contact manifold and D be an overtwisted disk
with an elliptic singularity e € D. In the previous chapter we chose a complex structure J
on ¢ = ker\ and we extended J to an almost complex structure J on R x M as in Chapter

3. Then we established the existence of a family of embedded J-holomorphic disks

t, = (ar,ur): D —Rx M, 7€(0,1) (7.1)
satisfying
D50, =0 on D, (7.2)
u,(0D) C D\ {e}, (7.3)
inf, dist(u,(0D),e) > 0, (7.4)
sup, e(t,) = +o0. (7.5)

Since ,’s are embedding, we also know that the loop u.|sp winds around e exactly once
for each 7. Now we will first show that the energy of this family is bounded by a constant

which depends only on D and A.
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Lemma 7.0.2. Let u, be as above. Then there exists a constant C' > 0, depending only

on A and D, such that

E(a,) < C.

Proof. We know that if @ is nonconstant then by Corollary 3.3.2, (u|sp)*A never vanishes.
We also know that u(0D) C D is embedded and by the assumption on winding number it
bounds a disk, say D;. Let ¢ € 3, by Stokes” Theorem we have

o< [waen = [ wen
— (0) /a s
< /8Du*)\
Lo

< / |dA|
Dy

< [ ldAl
D

Hence

E(@) < /D dA.

Before we state and prove the main theorem of this chapter, which gives the existence
of a finite energy plane, we have to overcome a technical problem. In the proof of the main
theorem we will employ a bubbling—off argument again and we get the finite energy plane

as a limit of a sequence of conformaly rescaled maps. The following proposition, which we
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will not prove, will establish the sufficient condition for the limit map to be defined on the

whole plane.

Let (@r)re01) be a family of embedded pseudoholomorphic disks that satisfies the
conditions (7.2) to (7.5) and remember that each u,|sp winds exactly once around the
elliptic singularity e. We parameterize the leaves of the characteristic foliation of D by

(lo)acst- Now for each 7, we reparametrize D such that

UT(l) S ll, UT(Z) S li, UT(—l) el_q. (76)

Then we have the following proposition, whose proof follows as in [13]:

Proposition 7.0.3. Let (- )-c(0,1) be a family of pseudoholomorphic disks as above. As-
sume also that they satisfy (7.6). If 7« — 1 and (zx) C D are sequences with Ry :=
|V, (z1)| — o0, then Rydist(zx, OD) is unbounded.

Now we are ready to prove the main theorem of this chapter.

Theorem 7.0.4. Assume that there exists a family of pseudoholomorphic disks (Ur)re(0,)
satisfying the conditions from (7.2) to (7.6). Then R x M contains a nonconstant finite

energy plane.

Proof. We pick a sequence (@) out of (@,) with e(uy) — +00. We already know that there

exists a positive constants C' such that

Eliy) < C.

We pick a sequence (z;) C D with Ry := |Vig(z,)| — +00. Since D is compact we assume

21 — 2z9. We choose a sequence €, \, 0 with Rye;, — +o0o and B(zg,€x) C D. We may
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assume that
|Vig(2)] < 2Ry, for z € B(zy, €).
On B(—Ryzk, Ri), we again define rescaled maps

T(2) = (b, vg) = (ak(Rik +z) — an(z), uk(Rik + zk)).

Then we have |V, (0)] = 1, bg(0) = 0, and |Vi(2)] < 2 for z € Q = B(0, Ryex) N
B(—Ryzy, Ri). By the previous proposition we know that Rydist(zg, 0D) — +00 so we
have (J, 2 = C.

As in the previous proofs, we can find a subsequence of (7) that converges in C* to

a pseudoholomorphic plane
v:C—-Rx M.

0 is not constant since |Vo(0)| = 1 and given a compact set K C C, for large k we have

supweg/ Upd(pX) < sup/ Upd(pA) = sup/ wpd(e\) = E(uy) < C.
K B(—Ryzk,Ry) D

peED pEX

We let k — +o00, then take supremum over all such K’s and deduce that © has finite

energy. O]

Notice that using (@, ) is necessary for the previous proof. Remember that we had to
choose a specific parametrization of D for each @, in order to establish the condition (7.6).

Therefore we needed a family whose gradients are unbounded independent of parametriza-



tion we choose for D and

is a sufficient condition for that.

sup e(i,;) = 00
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APPENDIX A: Sobolev Spaces of Vector Valued Maps

Let 2 C R™ be a connected open set, m € N and 1 < p < co. The definition and
the basic properties of the Sobolev space W™P(Q)) are well known (see [17], [18]). Here we

will give a generalization of W™P(Q) for vector valued maps, namely the Sobolev space

W (Q, RY).

We define W™?(Q,R¥) to be the set of those u : Q@ — RF, u = (uy,..,ux) such

that for all ¢ = 1,...k, u; € LP(Q2) and for any multi index o = (ay, ..., a,) € N* with

|| == "1 | a; < 'm, the weak derivative D*u; exists and lies in LP(€2). We set
la |al laf
D%y = 0" = il ) il ):QHRk
0 gy...0%x, 0Mgy...0%x, 0%1x,...0%x,
where aoqg,% stands for the weak derivative of u; for each i. The norm on W™?(Q, R¥)

is defined to be

1/p
s sy i lulbmps i ( > HD“UHLPm))

0<|e|<m

where

(e} (3 1
1D ull ey = (/ D*u(a)Pdz) """,
Q

Here |D*u(x)| stands for the Euclidean norm of the vector D*u(x). It is easy to see that

for any u € W™P(Q, R¥), we have

[lwillwma) < [[ullwmr e (A1)
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for all i. Given u € W™?(Q,R¥) and |a| < m, there exists a constant ¢ > 0, depending

only on p and k, such that

& 1/2 & 1/p
| D%u(z)| = (Z ID"ui(ﬂv)!Q) <c (Z \D“ui(x)\p>

i=1 =1

since there are equivalent norms of R* on the both sides of the equation. Then we have
k
D u()]” < &Y |D i) [P
and therefore

k
/ Dou(z)Pdz < @Y / Do) P
Q — Ja

Summing up on «, we get

> /|D°‘ |pdg;<c«vz > /|D°‘ul )|Pd,

0<|a|<m =1 0<]a|<m

that is,

[l ey < sz [lullyymn o

By Minkowski’s inequality, we get

k
|ul[wmr @ re) < CZ | wi|[wma () (A.2)

=1

for a constant ¢ depending only on p and k. Now using (A.1) and (A.2), one can generalize
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many properties of W™P(Q) to W™P(Q, R¥). Here we will give the ones that we need .
The first property is a generalization of the Banach algebra property of the Sobolev spaces.

Theorem A.0.5. Let Q C R? be a bounded domain, p > 2, and | > 2. Let A €
WE(Q,R¥) and u € WH(Q,RF). We define Au : Q — RF by (Au); == Y ayu; where
A(z) = (ay(x)) € GL(R*) ~ R¥ for all z € Q. Then there exists a constant ¢ > 0,

independent of A and u, such that

||Au||leP(Q,Rk) < C||A||W17P(97Rk2)||u||leP(Q,]Rk)'

This theorem easily follows from the Banach algebra property of WP(Q2) applied to
the maps a;; and u; and the observations (A.1) and (A.2). One can see from [18] that
the dimension of €2 and the conditions on [ and p are given so that the Banach algebra

property can be applied.

Now we will generalize an imbedding theorem for our purposes.

Theorem A.0.6. Let  C R? be a bounded domain with Lipschitz boundary, 2 < p < 00.
Then the imbedding

WH_LP(Q, Rk) N Cl (57 Rk)

18 compact.

Here C!(Q, R¥) stands for the Banach space of all functions u = (uy, .., u;) for which

D®u; is bounded and uniformly continuous on € for all j and |a| < m, i.e., it possesses a
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unique, bounded, continuous extension to . C*¥(Q, R") is equipped with norm given by

5 kY i= D
[uller@re) 1= max sup |D%u(z)|

where |D%u(z)| length of the vector D®u(x). We easily deduce that for any u € C/(Q, R¥),

uille@) < llullei@gey for all 4, (A.3)
and
k
||u’|cl(§,Rk) < Z HuiHcl(ﬁ) (A4)
=1

Then u € CY(Q, R¥) if and only if u; € C/(Q) for all 7.

Using (A.3) and (A.4), one can easily prove Theorem A.0.6 by applying the Rellich-

Kondrachov theorem [18] to the components of u successively.

The last result that we need is a technical result about the regularity of the compo-

sition of two maps.

Theorem A.0.7. Let Q2 C R" be a bounded domain with Lipschitz boundary. Let u €
WmP(Q,RY with mp > n, and f € C®(RL,R¥) with bounded derivatives up to order m.
Then foue W™P(Q,R¥) and there is a constant ¢ > 0 such that

1 ou—F(O)]lmpa < cllullmpa

for all w € W™P(Q,RY).

A detailed proof this theorem can be found in [13]. If we get into the proof this
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theorem we observe that if the derivatives of f are bounded on a set containing the image
of u then the theorem still works. We should keep this fact in mind since we will apply

this theorem in such cases.
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APPENDIX B: A Technical Result on Metric Spaces

Here we state a technical lemma whose proof follows as in [13]. This lemma plays a

crucial role in some ”bubbling off” arguments that appear in the Chapters 5 and 7.

Lemma B.0.8. Let (X,d) be a complete metric space. Let f: X — [0,400). Then given

xo € X and €y > 0 there exist € € (0, €] and x € X with

(i) ef(z) > eof(xo),

(i) d(z,zo) < 2e,
(iii) f(y) < 2f(x) for ally € B(z,¢€).
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