ON THE SECOND MOMENT FOR PRIMES
IN AN ARITHMETIC PROGRESSION

D. A. Goldston landC.Y.Yldrm 2

Abstract.  Assuming the Generalized Riemann Hypothesis, we obtain a low er bound
within a constant factor of the conjectured asymptotic result  for the second moment
for primes in an individual arithmetic progression in short interv  als. Previous re-
sults were averaged over all progressions of a given modulus. The method uses a
short divisor sum approximation for the von Mangoldt function , together with some
new results for binary correlations of this divisor sum approxima tion in arithmetic
progressions.

1. Introduction and Statement of results

In this paper we calculate a lower bound, of the same order of egnitude as con-
jectured, for the second moment of primes in an arithmetic pogression. Speci cally
we examine

Z 2x h 2
I (x;h;q;a) = (y+hig;a (y;09;9 NG dy (1.1)
X
where X
(x;9;8) = (n); (1.2)
n X
n a(mod q)
and is the von Mangoldt function. We will take
(;9=1; x 22 1 q h x (1.3)

(other ranges not being interesting). We shall assume the wth of the Generalized
Riemann Hypothesis (GRH), which implies, in particular,
X 1
B (Gad —5  xlodx; (@ x): (1.4)
The idea of our method originates from the work of Goldston [3 for the case of
all primes, corresponding in the present formulation tog = 1. An improved and
generalized version of this result appeared in [6] as
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2 GOLDSTON AND YILDIRIM

Theorem A.  Assume GRH. Then for any > Oand 1 % % we have
X 1 q 3 3
I (x;h;q;a) éxh log h X O(xh(loglogx)~): (1.5)
a(mod q)
(a,9)=1
Moreover, for almost all q with h3=%log®x g h we have
[(x;h;g;a) xh Iog(F): (1.6)
a(mod q)
(a,9)=1

For an individual arithmetic progression Ozlsk [10] proved unconditionally

Theorem B. For 1 g (logx)! ,andh (logx)¢ ( and c are any xed
positive numbers) satisfyingq h, we have

xh

chaa)> (5 ) o logx (1.7)

forany andx X (;c).

We shall see below that the GRH implies a result of the type in Theorem B for
much wider ranges ofg and h. An asymptotic estimate for | (x; h;q;a) in certain
ranges was shown by Y Id rm [11] to be implied by GRH and a pai correlation
conjecture for the zeros of Dirichlet'sL-functions.

Theorem C. Assume GRH. Let ;; 2; be xed and satisfying0 < < 1

> 1, andlet =x where 2. Assume, asx ! 1 , uniformly for
g min(xz Zlog"x; x ) (g prime or 1) (1.8)
and .
@ log °x T  (g)x ?log®x (1.9)

that, for (a;q) =1,

X | A .
1@ 2(a) Xt 2 2 (9 =— logqT:
1; 2(mod q) 0< 1; 5 T 4+( 1 2) 2

L(%"'i 1; 1)=0
L(%“'i 2; 2)=0

(1.10)

Then
z 2X 2 )
(U+u:gd  (Uad - du o> log? (1.11)
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uniformly for x 2 X tandqgasin (1.8).
It was also shown in [11] that the left-hand side of (1.10) is  (g)5- logx for

1
1 ¢ X2 log 3x when %Iogx T &*. These asymptotic values are what
the diagonal terms ( 1 = ) would contribute, so the assumption (1.10) is a
way of expressing that the zeros of di erent Dirichlet L-functions are uncorrelated.
Theorem C is a generalization of one half of a result of Goldsin and Montgomery [5]
for the caseq = 1, where an equivalence between the pair correlation congure for
(s) and the second moment for primes was established. Since thergument in [5]
works reversibly, a suitable converse to Theorem C is also prable. The restriction
to prime g was made in order to avoid the presence of imprimitive charaters. The
formula (1.11) involving di erences u which vary with u can be converted to a
formula involving a xed-di erence h.
Our main result is the following theorem.

Theorem 1. Assume GRH. Then for any > 0 and

g h (xq)3 (1.12)
we have ax !'1
h
(< h:q; @) %%Iog(ﬁ—?) o (q)(loglogx)) (1.13)

Notice that the conditions in (1.12) imply that both h and qare  xz

The proof of the theorem uses some new results on the functlonR(n) used as
an approximation for the von Mangoldt function in our earlier work. Propositions
2, 3, and 4 embody these results, and we expect they will havaifther applications
to other problems.

2. Preliminaries

We shall need the following in our calculations. Let

8
5 n x forx n<x +h
z h; forx+h n 2x
f(n;x;h) = ldy = (2.2)
x;2x]\ [n hin) § 2Xx n+h; for2x<n 2X + h
-0 elsewhere
Lemma 1. For real numbers a, and b, we have
0 10 1
Z 2X X X X
@ a,A @ bnA dy = anbnf (n;x;h)
X y<n y+h y<m Oy+h x<n  2x+ h 1
X X
+ @ (@nbhsk + @nskbn)f (Nix;h KA

O<k h x<n 2x+h k
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P
Lemma 2. Let C(x) = Cn. Then we have

n X

X z 2x+h z x+h
chf(n;x;h)= C(u)du C(u) du:

x<n  2x+h 2x X

Lemma 1 and Lemma 2 were proved in [6]. We take this opportuniy to correct
a minor error in Lemma 1 of [6]. In that lemma an extraneous tem h(Cx+nr  Cox)
was incorrectly included and should be removed. This term tlen contributed an
unnecessary error term in equations (2.7),(2.14), and (23) of [6]. However these
same error terms correctly occurred for a di erent reason inequation (2.9) so that
starting with equation (2.16) these error terms were corredy included in the rest
of [6].

Calling = (y+ h;q;a (y; q; @) for brevity, we have from (1.1)
Z 2X Z 2X 2
2h h4x
| (x;h:qg;a) = 2dy —— dy + ——:
(x;h;q; ) ) ( )°dy @ . ( )dy 2(q)
By the above lemmas and (1.4) we obtain
VA 2x X
( )dy= ( Mf(n;x;h)
X x<n  2x+h
n a(mod q)
xh Z 2Xx+ h Z X+ h
= —=+ E(y;q;ady E(y;q;ady
(q) 2X X
Xh 1 2
= —— + O(hx2 log” x);
@ ( g”x)
so that z, . ,
X xh? x2h?log® x
I (x:h:q:;a) = 2dy —+O(————2): 2.2
(x;h;q; ) ) ( )°dy 2(q) ( @ ) (2.2)

R P
The integral ( )? leads to sums of the sort  ( n) ( n+ k) which are in the
territory g the twin prime conjecture. In the uninterestin g case 1 h @, only
the sum 2(n) is present, giving easily the evaluation

xh xh xh? 1
l(x;h;g;a)= —logx ——~ ——+ O(xzhlo 3’x; h xX): (2.3
(q)(q)g(q)z(q)(g)(q)()
Now let r(n) be any arithmetical function, and set
X
r(Y;0;8) = r(N) ; rR= rYt+haga r(y;qad: (24)
ny

n a(mod q)
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- R
Trivially ~ ( r)2 0, so that

ZZx ZZX ZZX
()%dy 2 () ( r)dy ( r)dy: (2.5)

X X X

By Lemma 1 we have

YA 2x X
( )( Rr)dy = (n) r(Nf(n;x;h) (2.6)
X r):;na(mzc))éi+(:‘)
+ [ (M (Nn+K)+ ( n) r(n+KIF(N;x;h K):

O<k h x<n 2x+h k
gjk n a(mod q)

By Lemma 2 we see that

|
Z2x+h Zx+h' X

(n) r(Mf(n;x;h)= ( n) r(n)du:

x<n  2x+h 2x X n u
n a(mod q) n a(mod q)

In the second term on the right-hand side of (2.6) we writek = jg, and by Lemma
2 we have for the rst part of this term

X X
r(M (n+jg)f(n;x;h jq)

0<j L x<n 2x+h jq

9 n a(mod q) |
X  Zoax+njg Zxshja X
= r(N) ( n+jg)du
0<j g_ 2Xx X nou
n a(mod q)
Zoen X X
= r(N) ( N+ jg)du
2% 0 YL2x n u g
9 n a(mod q)
Zysn X X
r(N) ( N+ jg)duy;
X 0 “x n u g

9 n a(mod q)
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wherein to see the last equality observe that

X Zx+hig X |
r(N)( n+jg)du

X nu

n a(mod q)
X Lx+n X
= r(N) ( N+ jg)du

X+jq

o
Y
Qal=

0 L n u jq
g n a(mod q) |
YA X+2q YA x+h X X
= + o+ r(N) ( n+jqg)du
h
x*a X*Paed og ux 2 "a(mot o
Zysn X X
= r(N) ( N+ jq)du:
X 0 Y“X n u jq

9 n a(mod q)

The other part is

X X ) )
(n) r(n+jof(n;x;h jg)
0<j h x<n 2x+h k
% n a(mod q)

z 2x+h X X
= (n) r(n+jg)du
2% 0<f 42¢ n u jq
9 n a(mod q)
Zx+n X X
(n) r(N+jg)du
X o 4x noujq
9 n a(mod q)
Zosn X X
= (m+jgq) r(m)du
2x u_2x

j<o0 jg<m u
m a(mod q)

Zyin X X
(m+jg) r(m)du;

X U X jcp jg<m u
4 m a(mod q)

where we have substitutedm = n+ jg and then used | in place ofj to get to the
last member.
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Hence (2.6) has now been cast into
|

Z 2 Zoen Lyxan X
( ) ( r)dy= ( n) r(n)du (2.7)
X 2X X nou
7 n a(mod q)
2x+h X X
+ r(n)( n+jq)du
~ 0<iij g nN 1a<(rr]nodN(21)
Zx+n X X
r(N) ( N+ jq)du;
iifp ux N N
o<1l 9 n 1a<(r;n0d cz])

with N1 =max(0; jq) and N, =min(u;u jqg). Similarly
|

Z 2x YA 2x+h VA x+h’ X
( Rr)?dy= 2 (n) du
X 2X X n u
n a(mod q)
Zosn X X
+2 r(N) r(N+jg)du
2x 0 YL2x n u jgq
9 n a(mod q)
Zy+n X X
2 r(N) r(N+jq)du:

X 0 “x n ujq (2.8)

9 n a(mod q)
3. The choice of r(n) and some number-theoretic sums
As the auxiliary function we use

X 2(!‘) X
L0

r(N) = d (d): (3.1)

r dj(r;n)

This function is known ([3], [7]) to exhibit behavior similarto ( n) when considered
on average in arithmetic progressions, and it has been empjed in related problems
([11, [2], [4], [6]). An upper bound for gr(n)is

X X 1 r X X 1
J r(N)j d — max(—~ d — d(n)logRloglogR: (3.2)
_ (ry rr (r)" . r
din r R din r R
djr djr

To evaluate the sums which arise when (3.1) is used in (2.7) ah(2.8) we shall need
some lemmas. In the followingp will denote a prime number.



8

GOLDSTON AND YILDIRIM

Lemma 3. (Hildebrand [8]) We have for each positive integerk, uniformly for
R 1,
X 2
L (R) := ) _ %(IOQR rervi)+ o( By (33
n R (n) R
(n;k )=1
where
X X
_ Iogp1 C (k) = Iogp;
b p(p 1) ik Y
X Z(d) Y 1
w(k) := == (A+p=) Vv(1)=0;w(l)=1: (3.4)
g d " Y
j Pj
Lemma 4. We have
v(k) loglog X; (3.5)
X 1 P logk
b ioglogd’ oo
pik
and Y 0
gk) = (1+ =) 2 () (log log 3k) (3.7)
pik

Proof. We show (3.7); the other inequalities can be proved similag. Let (k) be the

number of distinct prime factors of k, which satis es the bound (k) Iolg;)?ol;k'
We have
X 1 X 1
logg(k) = log(2 + )< (K)log2+ -
pik p 1 pik P
X
< (k)log2+ — = (k)log2 +logloglog 21k + O(1);
p 2log2k

where the prime number theorem and Mertens' theorem have beeemployed. Ex-

ponentiating both sides we
Lemma 5. We have

Proof. Observe that

obtain (3.7).
X2y o kv(k).
» ) log™ = ) (3.8)
2/~ X X 2/~
((‘)) log™ = (logp) ((\)): (3.9)
pjk jkipi”
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For the inner sum we have on writing ™ = pm that

X 2(‘) 1 X Z(m)
O~ ® ., ™

(m;

ik
P
p)=1
Y
_ 1 1 1+ 1 k

DLy @ P

and using this in (3.9) gives the result. We note for later usethat in the previous

calculation we can drop the conditionpj” and obtain that

X 2m) _ k|
(m) ~ (k)

mjk

Lemma 6. (Goldston [3]) We have

X 2 X
(1) 1O _ 59+ oK),
e 0, @ (k)
(d:k)=1
where 8 v o 1
3 2C b 2 . if k is even,k 6 0;
= jk
s=, g
0; if kis odd;
with v 1
C= —
o> 2 (p 1)

Proof. The proof can be found in [3]; we just note that

X d(d)_ ()
N @ -0 (k) (r:k));
(d;k)=1

so the left-hand side of (3.11) may be expressed as

O k) (k) o X A0 K (k)

r=1 Z(r) >R Z(r)

Here the rst sum is S(k) and the error term is  the O-term in (3.11).

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)



10 GOLDSTON AND YILDIRIM

Lemma 7. (Friedlander and Goldston [1])We have

X h2 h

(h jSGa)= 5o 5100+ Ohloglog®):  (3.46)
0<j g—

Lemma 8. (Hooley [9]) Assuming GRH, we have

X
maxjE(u;q;aj?> xlog*x for q x (3.17)
a(mod q) vox
(a;9)=1
Lemma 9. We have
X 2
OO (DR (3.18)
C R (r)
X 2(r) o(r _
ORI (3.19)
C R (r)
X
4N R iog 2R: (3.20)
O<r R (I’)

Proof. To prove (3.18), note

X 2(I’) (r) _ X 5 Y ~ X 5 X Z—(d)

r R (I’) ) r R (r) pjr(1+ P 1) ) r R (r) djr (d)
X 2(g2 (d X . X 2(g)2 (@ Y 2
4R - 4R o p(p 1)

[=1

The proof of (3.19) is similar, and (3.20) was considered inJ].

4. The proof of the Theorem

In this section we calculate the right-hand sides of (2.7) ad (2.8), and so obtain
our result.

Proposition 1.  Assuming GRH, we have

_ NlogR ¢N N_
o R g T PR

n a(mod q)

)+ O(N Z log® N )+ O(R logN ):

(4.2)
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Proof. Starting from the de nition (3.1) and recalling Lg(R) from (3.3), we have

X X Z(r)X X
(n) r(n)= B d (d) (n)
n N r R djr n N
n a(mod q) n a(mod q)
djn
X Z(r)X X
= Li(R) (N;q;d) %) plogp 1
r R pjr k 1
p“ N

pk a(mod q)

Here the sum overk is trivially of size O(llc:)gT’:), so that by Lemma 3

X 20y X X X 2¢ry X
(r) plogp 1 logN (r)
r R (I’) pjr k 1 r R (I’) pjr
p“ N

pkX a(mod q)
X p X 2m)

=log N —
or O, (M
(m;p)=1
X R
logN (+log —) RlogN:
p R P

By the prime number theorem we obtain (4.1). In order for the main term to

dominate the error terms in (4.1) we will require that

N N 2
aR logN'’ d log®N (4.2)

Hence the relevant contribution to (2.7) will be
|

YA 2x+h Z x+h X
(n) r(n)du (4.3)
2X X n u
n a(mod q)
—ﬂ(logm c) + 0(—Xr|'g—)+ O(xZhlog®x) + O(Rh logXx):
() (d R '

Proposition 2.  Assuming GRH, we have for

1 g h x5 gR x (4.4)
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that

X X
[(n) r(N+K)+ ( n+ k) r(MIf(n;x;h k)
O<k h x<n 2x+h k
gjk n a(mod q)

xh2  xh _ h xh xh2d(g) . 2h

= ~ _log—+ O loglog 3g)%) + O log —
2(q (9 g " (g9 Aygrloay)
$hiR log? $h2R? log?
+O(X h Rllog x)+ O(X h“Rz log x): (4.5)
qz q
Proof. We have
X _ X Z(r)X X _
r(N)( n+jq)= Q) d (d) (n+jg):
Ni<n N> r R djl’ N1<n N>
n a(mod q) n a(mod q)
djn
We may write the innermost sum as
X
( m):

Ni+jg<m  Na+jq
m a(mod q)
m jg (mod d)

Herem jg = 'd for some integer’, and soa “d(mod @). Since (@;q) = 1, we can
include only those d's such that (d;q) = 1. Then there is a unique b; 0<b < qd,
such that m  b(mod qd). We know (m;q) = 1, so that (m;d) = 1 if and only if
(j;d) = 1. Hence the innermost sum is equal to

(N2+jg;qd;B (N1 +jg;qd;h
N, N _ .
= WEqd;b"' E(N2+jg;qd;B  E(N1+ jqg;qd;B;

where Eqqp =1 1f (qd; 9 =1, and Eqqp =0 if (qd;§ > 1. Thus

X . uijjigX ) X d(d)
(n)( n+jq)= - (4.6)
N N, @, . MO , @
n a(mod q) (dijgq )=1
X 2y X . .
+ B d (d)[E(N2+ jg;qd;B E(N1+ jg;qd;B];
r R djr

(dig)=1
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where the rst term on the right-hand side is the main term, it s value settled by
Lemma 6, and its contribution to (2.7) will be

z 2x+h X

Z X+ho<jj)i( - u j(o:.)jq[S(Jq)+ O(jgd((jj;q)))] "
=%: g_<h ja)S (ja) + O(ﬁqf((g oj Jd(%
- erE:) X(—z)logg+ o(x(—z)('og log 30)°) + o(’g‘zf(((%) 0 %); 4.7)

by Lemma 7 and (3.20). For the second term in the right-hand sile of (4.6), if we

use (1.4) directly, we will get the upper bound RX log® X, by (3.18). This will lead

xzh2R

to a contribution of O( log? x) in (2.7). Instead, in view of the averaging

overj in (2.7), we will use Hooley's estimate quoted as Lemma 8 ab@ To do this
note that some of thed's may not be coprime tob, but we can discard them (from
the j - and n-summations) with an error

X X X h,
(3x;qd; (n) —log°x;
j & 0<jjj § pid n 3x “
(id)>1 pIn

. h’R . I
and this leads to an error OfO(T log? X) in (2.7). Hence the contribution to (2.7)

from the second term on the right-hand side of (4.6) is
Z Z o
2 2x+h x+h X 2 X X
hTRIogzx+ (") d max_jE (u;qd; Bj du

u 2x+h
h
q

r
2X X r R ( ) djr 0<ijj
()=l (jid)=1

h2R X 2 X ho., X . i
R iogex+h 07Dy max_JE (u; qd; )}
q e (0 dir q ociij & 2x+h
(diq)=1 (jd ):1q
2 3 X 20y X .OX )
"Riogex+ 7 0T qwe (INECT maxiE(uiadin
9, 5 () dir q i (mod @) (4.8)
(jid)=1

In the last sum asj runs through the reduced residues moduld, b runs through
those elements of the seta;a+ q;:::;a+(d 1)qg which are relatively prime to
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d (note that a "d(modq) and (a;q) = 1 implies (a;d) = 1), and this correspon-
dence is one-to-one. Thisis becausa a(mod g)andm jq(mod d) if and only
if m  nida+ nyjg?(modqd where n; satisfy dn;y  1(modq); gqn,  1(modd),

and we havenida+ n,jg®> a+ tg(modqd) if and only if j t  any(modd).
Hence we may replace thg -sum in (4.8) by
X
max jE(u;qd;a+ tq)j2: (4.9)
1 u 3x
t(mod d)
(a+1tq;d)=1

To put an upper bound on (4.9) we resort to Hooley's estimate. In view of (1.4)
. . 1
one hardly hopes to do better even though the sum in (4.9) is osr only W of the

reduced residue classes modulgd. A run through Hooley's proof [9] suggests that
to examine (4.9) itself, one has to calculate certain integals involving some pairs of
Dirichlet L-functions and this doesn't seem to be feasible without unpoved assump-
tions. Recall that Theorem C, which gives an asymptotic estmate for our integral,
already rests upon such an assumption, viz. (1.10), about Dichlet L-functions.
So we proceed by takingx log* x as upper bound for (4.9) on the condition that
gR x, and on applying Lemma 9 we obtain that the expression in (4.8is

zh?R xzh?R?z

log® x +

Q2

log® x: (4.10)

This completes the proof of Proposition 2.

Proposition 3. For (a;g) =1 we have

Y P
§ 1+ pl—r))(1+ 5 pl)
2(n) = (q) —_[logR + ¢+ O(v(q)) + O(2* p— )] + O(R?)
n an(m'c\)ld Q) (4.lla)
Iogq
B (q) ——[logR + ¢+ O(loglog 3q) + O( il "°§§°g3q )]+ O(R?):
(4.11b)

Proposition 4. For (a;9 =1 andj 6 0 we have

X . «
T e s = s+ ORI 0RY: (02
n a(mod q)

Proof. The beginning of the proof of Proposition 3 may be incorporaed into that
of Proposition 4 upon a notational stipulation for the casej = 0. When the positive
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integert satisestjj, if j =0 we will understand that t can be any positive integer;
and we will take (t; 0) = t.
By de nition (3.1),

X _ X 20y 249 X X
2 (n) r(n+ ) = —%}%9 d (d)e (¢ 1
n N nro% R djr n N
n a(mod q) ejro n a(mod q)
djn;ejn+jq
(4.13)

In the innermost sum, the conditions onn, d, and e imply (g;dg =1; (d;e ||,
and thus n belongs to a unique residue class modulay[d; §. Hence we have

: N o (4.19)
1= + O(1): 4.14
N [a;d;
n a(mod q)
djn;ejn+jq

The contribution of the O(1)-term in (4.14) to (4.13) is

X2y 219 X X 2(r) (r)

N 7 de=
P O N R ()

djr r
ejr®

)2 R? (4.15)

by (3.18), and this is where theO(R?)-terms in (4.11) and (4.12) come from. Hence

X . N X 2(r) 2r9 X
() w(nejgy= LT 0 0 (A (e)(d:e) + O(R?):
L d..., OO
! J(r:q )
n a(mod q) it
I 7oy
(d:e)jj
(4.16)
Let (d;e) = ;d = d°; e = €, so that (d%€%) = 1. The inner sums over d and e
become X X X
(d9 (e): (4.17)
e e %ty
(way s roy) (e%d%)=1
Here the innermost sum is (
X Y 1 if —for jdO;
() = 1+ (p)= <f°’Q? (4.18)
o 0 o0 0 otherwise.
€l (rTaq) Pl (r0q)
(e%d%=1 p-d°
Next the sum over d®° becomes
r 0
< () I G =
(d9) = (r;q) (r%in) — (nq) (4.19)

4% < 0 otherwise,
o .
ogyid’
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so the main term of (4.16) is

NOOX ey X |
A e, 00O @) ) (4.20)
Since X . o
(i) ()= ((ﬁ’”) ((m,J)), (4.21)
(rg )
the main term is
N X 2(r) 29 , r C o
I O (Y (o) Cegl) g (4.22)

r _ _r0
(ra) ™ (r%q)

Writing (r;q) = 7 (r%g) = m;r = 's; r%= ms where (s;q) = 1, (4.22) takes the
form

NX 20)X  2m) X (s) . .
— . ((s:1)) ((s:))): (4.23)
q ‘jq ( ) mijq (m) s min( Fﬁ_;%) Z(S)

(s;0)=1

The j =0 case: We rewrite (4.23) as

X 2y X 2 X 2
a0 m > (@29
g ‘ia miq s min( &; &)
(s;0)=1

It is convenient to regard (4.24) as

NX 20)X 2m) X 2%25) NX 20) X m) X %(s)
q

9T O g M o © @, O 0 M, O
(siq)=1 m=> (s;q)=1
(4.25)
For the rst term of (4.25), by (3.10), Lemma 3 and Lemma 5 we have
HX 20%) X 2(m) X 2(s)
a.., O, M . 6
(s;9)=1 0
N NX o2y Nw(g X 2()
= —( — I p—= S
(q)(ogR+ c+ v(Q) q., 0 og + O( @R, O )
N N Y 1 P .
= W(IogR+ c)+ O(Wpﬁ | 1+ p_ﬁ)(“- 5 1)). (4.26)

pIq
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The logarithm of the last product is

X 1 Pp X 1 " Iogg
log(1+ p—) +log(1 + 2 —+ 01 _— 4.27
N a( ﬁ—p) a( 5 1) N PS5 (1) T (4.27)

by (3.6). Hence the rst term of (4.25) is

[O Iogq ]

W(|ogR + )+ 0( (q)'rng';g” ) (4.28)
for any arbitrarily small and xed > 0. If we use
X 2 _ (@ " m
R NG q Iog— + O(w(Q) ﬁ)’ (4.29)
m—<s =

(sig)=1

which is implied by Lemma 3, the second term of (4.25) is exprssed as

N (@X 2C)X 2(m) N (@ X 2() 2(m)
< logm log"
¢ ., O o (m) ¢ ., O e (m)
X y X
+o MW@ *0) (mPp . (4.30)
q R 1q () mjq (m)

Each term of (4.30) is majorized by deleting the restrictionm > . Then, by (3.8)

N .
and (3.10), the rst two terms are each \Eé()q) and the error term is the same

as that of (4.26). Hence we have proved Proposition 3.
The j 6 0 case: Since

(s, . n_ Y 1Y 1 (q)
7 (s:1) (s:)) = § (a+ 1)p_jq(1 o 1) T Slo—°
(s:q)=1 ;
pP-q
(4.31)

by (3.12) and (3.13), (4.23) is
X 2yX  2(m) X 2(s) 2((s;§)) ((s; D)y,

N N
—S(jq) + O(— -
(@ d 'jq ) mjgq (m) s> min( ;&) “(s)

(4.32)

The sum overs was encountered before in (3.15) and majorized as in (3.11%0 the

O-term in (4.32) is

iy X “ X
Njd@) X 20X Am) e J_()) (4.33)

R G, O, M (

1q
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This completes the proof of Proposition 4.

The relevant contributions to (2.8) are

explc® 9L

2(n)f (n;x;h) = ()(IogR+c+O(v(q»+0( A°§;°g3q) + O(hR?);
x<n 2x+h
n a(mod q)

(4.34)
and

X X

r(N) r(N+ Kf(N;x;h k) (4.35)

O<k h x<n 2x+h k

gjk n a(mod q)

_x X X jdG)

“@, T R W

SLoh®Lxh o doglog 3%+ o YD |, —) O(thz)

2@ 2 (@ gq (q) 9708 R9 (3

To nish the proof of Theorem 1 we now put together equations 2.2), (2.5), (2.7),
(2.8), (4.3), (4.5), (4.34), (4.35), subject to (1.3) and (42) with N = x, to obtain

Gahiaia) log !+ O((oglog 1)) + o Rlog’x)
xthR%|og X xh?  d(d) , g9
log —
rr oG ol (g + Ses
xh logq h?R?
+ O(WpE exp[com])+ O( . ): (4.36)
Recall that d(g) and g(qg) are both g . Here we pick
— X L.
_(W) : (4.37)

which makes all the error termsO(%(log logx)3) provided that h (xq)%
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