PRIMES IN SHORT SEGMENTS
OF ARITHMETIC PROGRESSIONS

D. A. Goldston landC.Y.Yldrm 2

1. Introduction

In this paper we study the mean square distribution of primesin short segments of
arithmetic progressions. Speci cally we examine

X z 2X h 2
l(x;h;g)=  * (y+hgad (v;q;8 —— dy (1.1)
a(q) X (@
where X
(x;0;8) = ( n); (1.2)
0" a()

P
is the von Mangoldt function, and ;(q) denotes a sum over a set of reduced

residues modulog. We shall assume throughout
x 21 g x 1 h x (1.3)

the other ranges being without interest. As far as we are awae the only known
result concerning the general functionl (x; h; ) is due to Prachar [11], who showed
that, assuming the Generalized Riemann Hypothesis (GRH)

I(x;h;q)  hxlog?qgx: (1.4)

On the other hand, much more is known about the special caseshere one of the
two aspects, segment or progression, is trivialized. Indek our function I (x;h;q)
is essentially a hybrid of the more familiar functions
z 2x
(x;h) = ( (y+h) () h?dy; (1.5)

X

the second moment for primes in short intervals, and

X . x 2
G(x;q) = (X;0;8) @ : (1.6)
a(q)
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2 GOLDSTON AND YILDIRIM

which measures the total variance in the prime number theoren for arithmetic
progressions modulog. We seel (x;h; 1) = I (x;h) so that 1(x;h;q) generalizes
I (x;h). We shall see for smallq that | (x; h; q) behaves rather similarly to I (x; h).
When h is about x then h 11 (x;q; h) will behave rather similarly to G(x; q).

In studying | (x; h; q) we will use some techniques from the recent papers Gold-
ston [4] and Friedlander and Goldston [2] wherd (x; h) and G(x; ) were examined.
It is helpful in understanding the results we obtain to rst ¢ onsider what follows
from the Riemann Hypothesis (RH) and a strong form of the twin prime conjecture.
Let

N1 = Ni(k) =max(0; K); N2 = N2(x; k) =min( x;x  k); a.7)

and X
E(x k) = (n(n+k) S(k)(x jkj); (1.8)
Ni(k)<n N2a(xk)

where we de ne as usual

8 Y p 1
3 2C b2 . if k is even,k 6 0;
= jk
SORS (1.9)
' 0; if k is odd;
with Y 1
C = . , 1 W . (110)

Theorem 1. Assume the Riemann Hypothesis and that fo0 < jkj x and some
given 2 (0;1)

E(x:k) xz* : (1.11)
Then for 1  h=q xz andh x we have
I(x;h;g) hxlog % : (1.12)

In the smaller rangeq® h=q xz 2 we have
0 1

X
| (x:h;q) = hx |og(§) hx @ +log 5+ 'O—gplA+ O(h?)+ 0 (h! x): (1.13)
piq P
In the caseq= 1 we recover the formula
I(x;h) hxlog(x=h); 1 h xz (1.14)

subject to the same hypotheses. We may conjecture that equain (1.14) hold for
the expanded range 1 h x! , since Goldston and Montgomery [5] showed this
conjecture is equivalent under the RH to a pair correlation @njecture for zeros of the
Riemann zeta-function. Therefore we might conjecture the ondition h=q  xz

for (1.12) might be relaxed. In the case ofG(x;q) it was proved in [2] that under
the same conjectures

G(x;q) xlogg; x¥* g x (1.15)
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We mention that the caseh=q 1 may be dealt with trivially, and it is easy to
show that
I(x;h;q) hxlogx; 1 h q: (1.16)

The conjecture (1.11) is a very strong conjecture and one pyose of this paper
is to see what can be proved when we replace this conjecture thi GRH. For cer-
tain small ranges ofh and g our results are unconditionally true, but the results
conditional on GRH are more interesting.

We begin by proving that (1.12) and (1.13) holds for \almost all " qin a smaller
range.

Theorem 2. Assume the Generalized Riemann Hypothesis. Then we have for
h%4 Q h that
0 1

X
I (x;h;q) hx Iog(ﬁ)+ hx @ +log = + logp A
h 2 pig P 1

X

Q=2<q Q
hixlog® x + xmin(hzQ? log? Q: hQ) + h2(Q + x? log®x):
(1.17)

From this theorem we obtain the following almost-all result, where we mean by
almost-all that all except at most o(Q) integers in the interval [Q=2; Q] satisfy the
given property.

Corollary. Assume the Generalized Riemann Hypothesis. Then for almosll q
with h®*log®x g h we have

I(x;h;q)  hx |og(%) (1.18)
and for h = o(x) in the range h3*4log°x q o(h=log®h) we have
0 1
X
lcha) hxlogd) hx@ +log =+ J29PA. (1.19)
h 2 p 1
pid
The range where the Corollary holds is
1
h h; ; (1.20)
q log® x

which is smaller than the range of validity in Theorem 1.
Next we prove a Barban-Davenport-Halberstam type theorem or | (x; h; g).

Theorem 3. Assume the Generalized Riemann Hypothesis. Then we have,rfo
1 Q h x,

Xy cohx + O(x min(Q%h? log? Q: Oh)

I (x;h;q) = Qhx Iog(T

q Q
+ O(Qh?) + O(hzx log® x):;
(1.21)
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P
wherec=  +log ; 1+ 95

We thus obtain an asymptotic formula

(i) Qhxlog(2Y) (1.22)
qQ
provided hz log®x Q h x. This gives a range of validity
1
ho he (1.23)
q log® x

which is larger than the range in Theorem 2 and close to Theoma 1 whenh is close
to x.

All of our results in Theorems 1, 2 and 3 contain an error term ontaining an
O(h?) which is signi cant as a second order term ifh is close to or equal tox. This
error term can be replaced by an explicit expression; we havehosen not to do so
to keep the appearance of the results as simple as possible.eé\iiave retained these
terms in Lemma 4, and it is straightforward to retain them thr ough the paper and
obtain the complete second order terms foh close tox.

Finally we prove that we can obtain reasonable lower boundsdr | (x; h; q) con-
sistent with (1.7).

Theorem 4. Assume the Generalized Riemann Hypothesis. Then for any> 0
1
andl R _X*__ we have

q q log®x
1 (x;h;q) %X log % 3 O(hx(log logx)®) (1.24)
Letting % = x , we have in particular for any > 0 and 0 %
I (x;h;q) % g hx logx: (1.25)

Equation (1.25) improves the result obtained in [4]. This improvement is based
on a suggestion of Heath-Brown. A similar improvement has ben made in [3] for
the result in [2].

Our results have interesting connections with the pair corelation of zeros of
Dirichlet L-functions, and allow us to obtain new result that connect and extend
the earlier work of Y Id r m [12] and relate it to work of Ozlak [10]. We will present
these results in a later paper.

2. Preliminaries and Lemmas

In this section we relate | (x; h; q) to E(x;k) and obtain the necessary lemmas for
proving our results.

We have
X *ZZX 2
I (x;h;q) = ( (y+haog,a (v;q:;9)" dy
a(@ X .
2h X, ° % h2x
@ ( (y+h;q;9 (v;q; ) dy+ﬁ
a(g) X
2
=S ﬂ32+ h_x (2.1)

(a) (@
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Now
X X z
S; = (n) 1ldy
a(g% n a(q) [x;2x]\ [n h;n)
= ( mf(n;x;h);
(mia)=1
where
8
n x; forx n<x +h
z 3
h; forx+h n 2x
f(n;x;h) = 1ldy = (2.2)
x;2x\ [n hin) § 2x n+h; for2x<n 2Xx+ h
C0; elsewhere
Since X X X X
(n)= logp logp  logg; (2.3)
x (:;q)Z;(Ih PI9 . 5 ox+h piq
we conclude X
S, = ( Mf (n;x;h)+ O(hlogQ): (2.4)
x<n 2x+h
To evaluate sums involvingf (n; x; h) we use the following result.
P
Lemma 1. LetC(x)= | ,Cy. Then we have
X Z 2x+h Z x+h
cf(nyx;h) = C(u)du C(u)du (2.5)
x<n  2x+h 2x X
wherec, =0 if v is not an integer.
Proof. Since the left-hand side is
Z ox+h Z ox+h
f(u;x;h)dC(u) = C(u) dyf (u;x;h)
X X
Z X+ h z 2x+h
= C(u)du+ C(u)du;
X 2x
the lemma follows.
Now writing
RxX)= (X)) X (2.6)
we obtain on taking C(x) = (x) in Lemma 1 that
Z 2x+h z X+ h
S; = hx + R(u) du R(u) du: (2.7)
2x X

To evaluate S;, we use the following lemma.
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Lemma 2. For real numbersa, and b, we have

0 10 1
Z 5 X X X
@ a,A @ bnA dy = anbyf (n;x;h)
X y<n y+h y<m Oy+h X<n  2x+h 1
X X
+ @ (@nbnsk + anskbn)f (Nch KA
0<k h x<n 2x+h k (2.8)

Proof. The left-hand side of (2.8) is

X 4
= an by, 1dy:
x<m:n 2x+h [x;2x]\ [N h;n)\ [m h;m)
jm nj h

The terms n = m give the rst term on the right of (2.8). The terms with n<m

are X
= anbmf(n;x;h (m n));

Xx<n<m 2x+h
m n h

and letting m = n + k this becomes

0 1
X X
@ anbh+kf (Mx;h KA
O<k h x<n 2x+h k

The terms m < n contribute the symmetric term in (2.8).

By Lemma 2 we see that

X X X
Sy = 2(n)f (n;x;h) +2 (n)( n+ Kf(n;x;h  K):
x<n 2x+h 0O<k h x<n 2n+h k
(ma)=1 k 0(q) (n(n+Kk)iq)=1

A calculation similar to (2.3) shows that we may drop the condtions (n;q) = 1 and
(n(n + k);q) = 1 in the above sums with an error

2
% log? x + hlog? x: (2.9)
Thus we have h
S; = S3+2S,+ O((1+ a)h log? X); (2.10)
where X
Ss = 2(n)f (n;x; h) (2.11)
x<n  2x+h
and X X

Sa = (n(n+ja)f(nix;h jg): (2.12)
0<j h=qg x<n 2x+h jq
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To evaluate Sz we let

X
P(x) = 2(n) xlogx + x (2.13)

n x

P
and on applying Lemma 1 with C(x) = 2(n) we obtain

n x
2 2 2
Ss = @ log(2x + h) (@) log 2x (x +2h) log(x + h)
X2 3xh Z 2x+h z X+ h
+ S logx  ——+ P (u) du P (u) du
2 2 2x X
1+ 5)? 41+ h)H2
= clogx + x?log(S— 20 + (3 +1og 2222,
1+ 3)? 2 1+
h? 2X + 2x+h Z x+h
+ ?Iog( <+ h )+ N P (u) du ) P (u) du: (2.14)

P
For S4, we take C(u) = y (N ( n+jg)inLemma 1 and obtain

0<n

X  Zoaenja Zxehoja X .
Sy = f( ) (n)(n+jq)dug

o b 2Xx X nu

= (n)(n+jg)du

0<j %n u jq

Zxsn X X
(n)( n+jqg)du: (2.15)

L
On combining our results onS;, S, and Sz we obtain

1+ D)2 41+ N2

3
I (x;h;q) = hxlogx + x?log(~——22_)+ hx( =+lo 2x
(650) = logx + X2 log( 1~ 55) + (5 +10g = 30)
2 2x+h X X
+ Diog 2N 4o (n)( n+ jq)du
2 X+ h . ) )
05 L 2n u g
Z><+h X X hZX
2 (n)(n+jgq)du @
X 0<j %n u jq | q
oh Z o+h Zyin ’
— R(u) du R(u) du
@ o wdr o RQ
Z2><+h Z><+h 2 2
+ P (u) du P ) du+ o(1%9 %y, O(hlog? x):
2x x (2.16)

We see that ifh=g 1 the double sums above vanish and by the prime number
theorem the terms with R(u) and P(u) contribute h@1 + %)IOQLAX Thus
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equation (1.16) follows from (2.16). To evaluate the doublesums over primes in
(2.16), we use (1.8) and nd

Zoen X X
(n)(n+jq)du
0g L 2Zn ujq
Zyx+n X X
(n)(n+jqg)du
05 Y xn u ¢
X Zoen X
(hja)S(iq) + E(u;jg)du
09 2 oq e
Zx+h X

1
x

E(u;jq) du: (2.17)

To evaluate the singular series above we using the followingesult from [2].

Lemma 3. We have
|

X 2 X
ey YO d Y y logp e
(y 1)S(ja) = 2@ 2Iogy > +log2 1+ o1 +1 (y;0); (2.18)

iy Pig
forany ,0< < 3, where, letting 2 = &,
7 .
1 +i1 Y 1 y st ds
I (y;0) =24¢S(2¢49) =— S 1+ ——— = —
(i) =245 (290 7 . ( )p_zq P 2p° 24 s(s+1)

Further, we have the estimates

1
1+p1— 1+m X (2.19)

~
Njw

o s@ay
piq

and, for arbitrarily small xed ; > 0,

logy

i . i 3.3 .
ofl'”%' (y;d  min(y(loglog3q)®;yz exp log 24 aq); (2.20)
and
. X . h . 3,1, 3
min, gl (-;aj min(Qzh2logz Q;Qh); (h  Q h): (2.21)
0<< 2029 O q

On combining (2.16) with (2.17) and (2.18) we obtain the following result which
we use in the proof of Theorems 1, 2, and 3.
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Lemma 4. We have

0 1
X hy2
TR — Xxq @ .1 logp 1+ 5 A
[ochia) =hxlog(11) hx @ +log 5+ 5+ = log T h
pig x
2L+ 3)%  h? 2+ h h
+ X Iog(7(1+§)%)+ 2|og(x+h)+ZQX| (q.Q))
Z2x+h X ZX+h X
+2 E(u;jg)du 2 E(u;jq)du
2 oqg X 09
oh Z a+h Z xrh
@ , R(u) du R(u) du
X X
sz+h Z><+h 2 2
+ P (u) du P du+ o129y 4 o(hlog? x):
2x x (2.22)

3. Proof of Theorems 1 and 2.

Assuming the Riemann Hypothesis, we have [1]
R(X) XZlog?X; (3.1)

and by partial summation
P(x) xZlog®x: (3.2)

Using Lemma 4 and these estimates we nd after expanding thedgarithmic terms
into power series that, assuming RH,

0
X
I (x;h;q) =hx Iog(%) hx @ +log E+ IOQFiA
piq P
2 h
+ O(h9) +2qgxl (a,q)
z 2x+h X Z %+ h X
2 E(u;jg)du 2 E(u;jq) du
2x O<j w2 X 0j uqx
24122 |52
+ O(w)+ O(hx 2 Iog3 X): (33)
(9
Since
X logp X logp
p 1 — loglog X; (3.4)
pig p 2log2q

on using the former bound in (2.20), and the conjectured boud (1.11) we see that
(1.12) holds. In order to prove (1.13) we need to show that

min_q| (E;q) ht (3.5)
0<< 1 q
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If q> %eL ( will be speci ed in terms of below), then the latter bound in (2.20)
yields

min_al (D) (o) 36)
0<< 3 q

1
For o % xz 2 and < % we have

(hq)%+ (h(1+ ﬁ)%+ — h(l 134 )a+2 ) hl

if we choose = 5. Forl ¢ %el, we appeal to (2.19) with = to see that
(3.5) holds with the implied constant now depending on .

We now turn to the proof of Theorem 2, which depends on the folbwing result
essentially due to Kaczorowski, Perelli, and Pintz [7].

Proposition 1.  Assume the Generalized Riemann Hypothesis. Then, with
2 H N, we have uniformly in N that
X . .2 1 2 i1
JE(X; K)j Hz2x“logz x: (3.7)
N k N+H

We rst derive Theorem 2, before making some comments on the of of Propo-
sition 1. By (3.3) we have

0 1
X X
I (x;h;q) hx Iog(ﬂ)+ hx @ +log = + logp A
h 2 p 1
Q=2<q Q pjq
X h
h?Q + x ql (a;q)j
Q=2<q QX X
+ h max max JE(U;jq)j
X u 3x0<v h i
Q=2<q QO<j %
+ O((h? + hQ)x**2log® x): (3.8)
Now
X X . . . X . . .
JE(u;ja)i JE(u;ja)i
Q=2<g QO<j ¥ 0<jq v
x . .
= (K)JE (u; k)j
k v
0 1 1
X X
@ ?(k) JE(u;k)j? A
k v k v
viu Iog% % Iog% u (3.9)

P
where we have used |, , 2(k) vlog® v and Proposition 1 in the last line. We
apply (2.21) for the term involving | (%;q) in (3.8), where the condition in (2.21)
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is satis ed for h Q h, and conclude

0 1
X
I (x; h;q) hxlog(§?)+ @ +log 5+ |oggf\
oz Q pid
hZQ + X mln(Q%h% |og% Q; Qh)
+ hix Iog% x + h2x%72 log? x: (3.10)

This proves Theorem 2. To prove the corollary, by (3.4) it is a1 cient to pick Q so
that the right hand side of (3.10) (or (1.17)) is  hQx loglogx. This is the case if
h# log®x Q h. Ifin addition, h = o(x) and Q = o(h=log®h), then the right
hand side of (3.10) iso(hQx) which gives the second part of the corollary.

Proposition 1 is due to Kaczorowski, Perelli, and Pintz. Theproof may be found
in [7] with three modi cations. First, in that paper the resu It is proved for the
Goldbach problem, and therefore one replaces the generatinfunction S( )? with
jS( )j2. This changes the main term to the one given in Proposition 1 lt all error
terms are estimated with absolute value and therefore the rst of the proof goes
through unchanged. Second, as mentioned in [8], Lemma 1 shlaustate

Z 1=qQ 4
i %eN;; pd N9N (3.11)
1=qQ qQ
where the original had the log factor lof N instead; this slightly in ates the
power of the log term in Proposition 1. Finally, there is an additional error term
F(n;N;H) in the Kaczorowski, Perelli, and Pintz result that can be eliminated.
To do this, as in [7] one derives from (3.11) that

Z .-
X 1=aQ . N log* N
iR(; ;)% : (3.12)
1 a q 1ZQQ Q
(a;q)=1
and then by the Cauchy-Schwarz inequality one obtains
Z -
X 1=aQ . Nz log?N
JR(;q;a)jd Al B (3.13)
1 aq 1=0Q Q
(a9)=1

P
Using this estimate in the pr%)f in [7] one obtains Pxz log® x which is smaller

than the error estimate for 5 since Q %x%. One then nds that F(n;N;H)
can be absorbed into the main error term.

4. Proof of Theorem 3

The proof of Theorem 3 closely follows the proof of Theorem 41f0[2] and therefore
we do not repeat parts of the proof that need no alterations fom the earlier proof.
The information on twin primes we need is contained in the folowing Proposition.
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Proposition 2.  Assume the Generalized Riemann Hypothesis. Then we have for
H: R H xthat

X X )
E(x;jq)  HZzxlog®x: (4.1)

0<jji & Req
This generalizes Proposition 4 of [2] which is the caskl = X.
Proof of Theg(rem 3. Using thexGRH estimate (1.4) we have

| (x;h; q) = | (x;h; @) + O(Qohx log® x); (4.2)
q Q Qo<q Q
where Qq will be chosen Iateé. By (3.3) we the(r)efore have on GRH th:iltl

X X
I (x;h;q) = @nx Iog(%) hx @ +log 5 lo—quA
q Q Qo<q Q piq P
X h
+ O(Qh?) +2x ql (=;9
Qo<q Q q
X Zwcen X X
+2 (DX E(u;jq) du
k=1 kx Qo<q Qoq Uk
+ O(h?x*? log® x) + O(Qhx**? log® x) + O(Qohx log? x)
(4.3)
First, anéaasy computationogives 11
X
@nxlogXd) hx@ +log =+ 9P AA
h 2 p 1
Qo<q Q pig |
X !
= Qhx Iog(%) Qhx +log = 1+ logp + O(Qohx logx):
h 2 pp 1) (4.4)
Next by (2.21) we have, forh Qo
X h 5 1
al (-39 min(Q¥h? log? Q; Qh): (4.5)
Qo<g Q q
Finally, by Proposition 2 we have for hz Qo
kx+h X X
E(u;jg)du
K< Qo<q Qoqj u o
0 1
Z kx+h X X X X
= & E(u;ja) du
. 0 Yo% Qo<g L 05 Lt Qeq L
X X .
h 0mHaxh E(x;jq)

Q R Q 05 HRg B

h?x log® x: (4.6)
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We now chooseQg = hz. Therefore the conditions in equations (4.5) and (4.6)
are satis ed, and Theorem 3 follows from (4.3), (4.4), (4.5) and (4.6).

Proof of Proposition 2. We sketch the modi cations needed in the proof of
Proposition 4 in [2]. SinceE(x; k) = E(x;k) we need only consider positivej .
By (7.7) and (7.16) of [2] we have

E(ja) =212+ I3+ E1 + Ez + O(logjq): (4.7)

We shall denote

X X X .
f(;q)= f@:q) :

H;R i B R«
Then Lemma 7.2 of [2] states that, forj by riz (b;)=1,and r H : R,

X H logH
W()=" efa) 2
H;R

: (4.8)

To prove Proposition 2 we sum overj and qin (4.7) and estimate each term on the
right hand side. This was done in [2] for the caséd = x. The argument is identical
here only we apply the estimate (4.8) at the appropriate poirt in each estimation.
We obtain in this way

X X H
I, HxZlog®x; I3 ?Xlog6 X;

H;R H;R
E: RH logH; Ex — log® x; logjqg H log?x:

H;R H;R H;R

TakingHz R H x (which forcesR  x1=2), then all of these error terms are
Hzx log® x and Proposition 2 follows.
5. Proof of Theorem 4

The proof of Theorem 4 is similar to the proof of the lower bourds for I (x; h) in
[4] and G(X; q) in [2]. We make use of the arithmetic function

X 2(r) X
r(N) = d (d): (5.1)
r R (r) dj
jr
djn
We note the simple bound, for any > 0,
r(N)  (N)log?R n log®R: (5.2)

We require the following lemma from [2].



14 GOLDSTON AND YILDIRIM

Lemma 5. Let

X2
L(R) = =log R+ O(1): (5.3)
r (M
For1 R X, we have
r(N)( N)= (X)L(R)+ O(Rlogx); (5.4)
r%(n) = xL (R) + O(R?): (5.5)

n X

Letting E(x;q;d = (X;q;d) Eq;aﬁ, where Eqa = 1 if (0;8 =1 and is O
otherwise, we have for0 < jkj x; with N1; N as in (1.7), that

X
A (n+ )= SR | k)+ 0 <X

Ni(k)<n N2a(xk)
X 2(r)r log(2R=r)

+ ol "

JE(N2+ kir;k)  E(Ng+ k;rk)j);
e (5.6)
and
X _ o k (K)x
r(N) r(nN+ k)= S(k)(x j kj)+ O OR
Na(k)<n  Na(xk) (k)

+ O(R?): (5.7)

Proof of Theorem 4. By (2.1), (2.7), and (3.1) we have on RH that

=S DXL ol
Gehia)= S T+ O

P
Let ) denote a sum over a complete set of residues modutp By (2.9) and the
equation above it we see that

Xz log? X): (5.8)

X ZZx ) h
Si = ( (y+higia  (v;q;8)° dy+ O(h(= +1)log®x)
a(q) X q
X VAP X 2 h
= (n) dy+ O(h(= +1)log®x)
a(@ X  y<n y+h q
n a(q)
=Sy + O(h(% +1)log?x): (5.9)

We now obtain a lower bound for S;; through the inequality

X L X 2
J(x;q) = ((n) r(n) dy GO (5.10)

a(@ *  y<n y+h
n a(a)
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Writing  r(n) = ( n) r(N), we have by Lemma 2 that

X X 5
J(xq) = ( r(NM)f(n;x;h)
a(q) x<n  2x+h
n a(q) |
X X )
+2 r(N) r(N+ K)Ff(nix;h k)
0<k h x<n 2x+h k
X k 0(q) n n+k a(q)
= Sui (n; 0)f (n;x; )
x<n 2x+h
X
2 (n; K (n;x;h - k); (5.11)
0<k h x<n 2x+h k
k 0(q)

where (n;k) = ( n) g(n+ k)+ ( n+ k) gr(N) r(n) r(n+ k). To evaluate
these sums we use Lemma 1 and Lemma 5. In order to control the ®&r term
O(R?) in (5.5) and (5.7) we assume

1 R xz: (5.12)
By (5.3),(5.4), (5.5), (5.12) and the prime number theorem we have that
X (n; 0) = xlogR + O(x)
nox
which on applying Lemma 1 gives together with (5.2) that
X (n; 0)f (n;x;h) = hxlogR + O(hx): (5.13)

x<n 2x+h

By replacing x by x + k in (5.6) and (5.7) and using the case ok negative in (5.6)
to handle the term ( n) r(n + k) we obtain

. (n;k)= S(k)x + O % + O(R?)
X _
vo  JOTI9RREN ek k)i + JE(G K + JE (T K)))

r R (r) (5.14)

By Lemma 1 we now obtain
X
(n; Kf (n;x;h k)
0<k h x<n 2x+h k

k 0(q) X X

= (mja)f (n;x;h o ja)
O<jqx hx<n 2x+h jq
= X (hja)S(ia) + O(R(x; h;q)); (5.15)
0<j

alz
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where

hx X jg ( h?
R(xhia)= — Jq(j(g;) + ER2

0<j

X X Zwenja X 2(r)r log(2R=r)

al=

+ max jE(v;r;jq)jdu:
=1 0g b X r R (r) vourla (5.16)
By Lemma 3 we have
X X (h jg)S(qg) = hx }hx IogE + O(hx(log log 30); (5.17)
2 (g 2 q ’ '

0<j 2—

and therefore we conclude by (5.8), (5.9), (5.10), (5.11),%.13), (5.15) and (5.17)
that subject to (5.12) and RH

2
I (x;h;q) hx Iog%e + O(hx(log log 3g)°®) + O(%x% Iog2 x) + O(R(x;h;q)):
(5.18)
It remains to bound R(x; h;q). Since
X g (i X i i
JCI(_(JCI)) q((q)) i ((_J)) hi(1+|og h);
0 1t 1q q 0t J q q
we see ) )
h“xq 2h  he_,
R(x; h; log— + —R“ + Ry; 5.19
(chig)  —p-loghr ) (5.19)
where
Ri1 = hlogR —_— max E(u;r;jq) : (5.20)
(I’) . u 2x+h
r R o<j b

q
The simplest way to bound Ry is to use the bound [1]E(X;q; &) X2 log?(qXx),
which assumes GRH. This was done in [4] and [2]. Heath-Brownliserved that one
can do better by taking advantage of the averaging overj . To do this, we use
Hooley's GRH estimate [6]
X
* |;naxij(u;q;a)j2 x log* x: (5.21)
a(q)

This result without the max is a well known result of Tuan an d of Montgomery
[9]. Now in the inner sum in (5.20) we insert the condition (; jg) = 1 with an error

X X X h X h.
(3x;1;jq) (n) —logx 1 —log°x
0<j hE 0<j g_ pir n 3x q pjr q
(rja )>1 pin
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Since for (q;r) = 1 the sequence ofjq will run through a reduced set of residues
modulo r asj runs through a reduced set of residues modulo, we see that

X 2 X 2 3
e max E(u;rj) + O(M) (5.22)
r R (r) . u 2x+h g

h
(rg)=1 (jir ):f

Ri1 hlogR

By Cauchy's inequality and (5.21) we have
X 2(r)r X

max E(ur])

rr () g s
(ra)=1 (ir )=1
X 2 ht X 2 F
O a T, B
r R 0<j %
(rq)=1 (jir )=1
1 1 1
h z X 2 h z X ) 7
g E:;r + ar * max Equ:rj)?
u X
R _
(rfq)=1 1o
h 22X 2(r)r h 2
- or ,, h x2 log? x
a | . Q) qr
htR hR3?
T i ogx (5.23)
gz a

We conclude by (5.19), (5.22) and (5.23) that
!

1

. L 2 2 3 2p2
Roch:q)  hx? logf x hle+ hRz N h<xq Iog@+ h°Rlog X, h“R :
g2 q ar q q q
(5.24)
We now obtain from (5.18) that
- qR 3 .
I(x;h;g) hx IogT + O(hx(loglogQ)®) + Ry;
where ) ) !
1 1 2
R, hx —hleE log® x + hRf log® x + hq logx R
gz X2 gxz gRrR gx
We take )
ax 7
R=
log® x
and see thatR, = O(hx) subject to the condition that % ] ﬁ)g —. We conclude
that h
1 (x;h;q) %Iog % 3 O(hx(log logx)®) (5.25)

which proves Theorem 4.
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