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A sum over the zeros of partial sums of ¢

C. YALCIN YILDIRIM

1. Introduction
In this paper we prove the following.

"Theorem. Let vj(j = 1,2,...,k) be a zero of the k-th partial sum of e*:

k

z? x
Pi(z) = 1+$+5+“.+E!_ and Pi(v;) = 0.
We have 5
o~ 2 +4+=+0(k"%), if k isodd,

zk: 7. = ’é
= Y 2k+4—z+0(k‘%), if k iseven

The motivation for studying this particular sum arises from its appearance in the

expression obtained for certain mean values of the Riemann zeta-function ([12]).

In 1988 Conrey and Ghosh [2] showed that

zk: e = k414 0(ePF) (1)

=1
where 3 is any positive number less than 1 —log2. Conrey and Ghosh remarked that the
error term in (1) is an exponentially small sum of terms most of which are exponentially

large as functions of k. Our method provides an improvement on (1):

Xk: e = k+1+0(k%e™™). (2)

i=1

By the Enestrom-Kakeya theorem all zeros of a polynomial ag+a1z+- - - +arz* with
real and positive coeflicients are of absolute value at most max( 9-9-, a—l, vy k1
ay az ak

lvj| < k . In fact Szegd [8], who started the study of zeros of partial sums, proved that

). Hence

Vi
k+1

as k — oo (see also Dieudonné [3}).

the numbers cluster around the simple closed curve I' = {z : [2¢'~*| = 1,]2| < 1}



For brevity we put n = k + 1 . Another way of expressing Pi(z) = 0 is, writing

T =nz,
n!e"z z z2 2P

—_— = ] + +-.t S (3
O ER S (e RN (W prmes oy e AR AORIO)
Let

1
I ¥ W ) O ()

and note that in (3) we have defined the entire function f,(z) by its power series repre-

(p=12..), a@=1 (&)

sentation
o0

fa(z) = Z apz? . (5)
p=0
2. Properties of the functions f,(2)

In this section we present some facts about f,(z). We refer the reader to the original

sources for those results existing in the literature.
As a direct consequence of the definition of f,(z) we have

Lemma 1. For each positive integer n and for all z € C

fa(2)1—2) = 1-

2fi(2)
n

Buckholtz [1] showed that the zeros of P,_;(nz), %, lie strictly outside the Szegd
curve I' and are within a distance of 2 from I'. The next lemma is obtained following

Jn

the remarks in [1].

Lemma 2. The zeros of f,(z) satisfy |z| > 1 and | ze'~* |> 1. G1iven e > 0,
arbitrarily small but fixed. For every sufficiently large n > N(¢) the zeroslof fn(z) are

within a distance 'zo‘él%f\'—‘) of the curve
I ={z: |ze7%| =1, |2] 2 1}.

The point z = 1 is of special interest in studying f.(2) (cf. [1]).

Lemma 3. For each positive integer n

n! en 1 4 1
fn(l) = —é-(;) +§+ﬁ+0(§)
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) = n

The value of f,(1) was asserted in a slightly different and stronger form by Ramanu-
jan [7] and the result presented here is contained in the works of Szegd [9] and Watson

[10]. Note that by Stirling’s formula,

+oeee, (6)

nl(f)"._l_ - 1 + 1139
“n’ \frn 12n  288n2  51840n3

we see that

fa(1) = gn+0(1) .

Let » > 0 be an arbitrarily small fixed number and D! be the set obtained by

removing from D(0,1) (the closed unit disk) the points of distance less than r to 1.

Lemma 4. For z € D]

fa(2) 1_’_—;(1 + An(2))
fuz) = m‘;(l + pa(2))
where A\, (z) and pn(2) tend uniformly to 0 in D, as n — co.

Dieudonné [3] proved the first equality of Lemma 4 by showing that |§ fi(z)] =0

as n — oo uniformly for z € D.. The second part can be proved similarly ([11]).

We find that the following way of expressing f,(z) is more suitable for determining

the value of f,(z). The approach we take is contained in Newman and Rivlin [6].

Lemma 5. Let z # 0 and write z =1 + vt We have

evh 2 1 4 s n e
30 = 1y (5 -5 man s )+ VA [ el

Proof. From (3) for z # 0 we have

fu(2) = _Tfi_(enz_nil (nz)P)

(nz)n p=0 p!

n! ne 1@ _ n
= 14 (e _n_!/o e t(t + nz) dt).

(nz)




Putting ¢t = \/n{{ — s) we obtain

A esvn n'e e (VR
he) = 1+ (G ~va [7 @ Sope i) ()

where the path of integration is the horizontal line from s to the right to co. In (7) we

take z = 1. Using Lemma 3 and Stirling’s formula, (6), we have

o Cn—\ﬁ{
/0 (1+7ﬁ')6c d¢

1 /nle, 2 4
T(_(_) +_”f§5'ﬁ"')
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and to complete the proof (8) is substituted into (7).

From Lemma 4 we deduce that for any fixed z € D(0,1)\{1} lim,—co %(z) =1
while by Lemma 3 we know that lim, .. i;é(l) = % The discontinuity of lim,, ié- is

due to the fact that f,(z) has (at least) a pair of zeros (complex conjugates of each other)

whichtendtolasn — 00 .

We examine the behaviour of f,(z) when s = y/n(z — 1) is in a fixed compact set

S. By taking logarithms it is seen that

s/n 2B sty W5 L
e = e W LT (9)
1+ %)

62 . .
Hence as n — oo (—Tr converges uniformly to e* in S. Also by the dominated

convergence theorem [°(1 + é—) e~$VRd( converges umformly to [° e‘é{‘dC in S (see

[6]). Thus, as n — oo, from (7) we have

! "(z \/_ w(—m ﬁz | (10)

uniformly for all s in a fixed compact set where

w(z) = -z’(1+—f /0 e’ dt) . (11)

If fu(1 4+ %) = 0 then as n — oo (s,) tends to a limit sy, which satisfies

1 o] -2
—— Fd¢ =
1 o -_/s:, e 2 d(
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